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NUMERICAL SOLUTION OF AN INTEGRAL EQUATION ON THE THEDRY 
OF LIGHT SCATTERING I N  THE ATMOSPHERE 

Ye.S.Kuznetsov and B.V.Ovchinskiy 

Individual papers by various authors discuss t h e  results 
of computation of spherical  sca t te r ing  of l i g h t  i n  the  
atmosphere by i n t e g r a l  equations, w i t h  emphasis on tabu- 
l a t ed  data. Ei ht- and seven-place Tables are given f o r  
t he  &(X) t o  E; 7 X) functions, based on various values of 
physical  parameters such as op t i ca l  thickness of the  at- 
mosphere, zeni th  distance of t he  sun, and albedo. Success- 
i ve  approximations, including t h e  zero-th approximation, 
a r e  derived and corrections f o r  e r rors  of quadrature Kith 
allowance for haze, diffusion,  and re f lec t ion  are given. 

PREFACE 

This study i s  p a r t  of a l a rge  computation pro jec t  on the application of 
the  theory of atmospheric l i g h t  sca t te r ing  undertaken by the  Mathematical De- 
partment, Geophysical I n s t i t u t e ,  USSR AcadenIy of  Sciences, based on t h e  theory 
developed by t h e  Department i n  194.3-4.4w. 

The e n t i r e  computational mater ia l  i s  divided i n t o  two par t s ,  each separate- 
l y  developed. T h i s  i s  the  P a r t  I, consisting pr inc ipa l ly  of the  results of a 
numerical solution of the  i n t e g r a l  equation of t he  theory of l i g h t  sca t te r ing  
i n  t h e  atmosphere for various values of the physical parameters, including a l so  
auxi l iary Tables for various purposes, together with Tables of the  haze factor .  
A l l  Tables i n  t h i s  Par t  are of independent i n t e r e s t ,  and may be used as the 
basis  f o r  calculations of various p rac t i ca l  and theore t ica l  problems connected 
Kith the  sca t te r ing  of l i g h t  i n  the  atmosphere. 

The Tables are accompanied by text - six individual papers by various 
authors, w i t h  t he  primary object of giving as complete an idea a s  possible of 
the  numerical methods used i n  compiling the  Tables. Most of the computational 
methods and r e s u l t s  given i n  these papers are o r ig ina l  and were developed spe- 
c i f i c a l l y  for the  computational work involved. 

P a r t  I1 will include Tables re la t ing  t o  various concrete applications of 
the  theory of atmospheric l i g h t  scattering. 

* Numbers i n  t h e  margin ind ica te  pagination i n  the  o r ig ina l  foreign text .  

* Cf. papers by Pe.S.Kuznetsov i n  Izv. AN SSSR, ser. geog. i geofiz. Vo1.7, 
pp-247-3369 1943; VO1.9, pp-63-72, and pp.20b-223, 1945. 



A l l  r e s u l t s  of calculat ions i n  both Part  I and Part  I1 apply t o  t h e  case 
of spherical  scat ter ing.  
separate  computing pro jec t ,  and the  r e s u l t s  dll be separately reported. 

Kuznetsov (Papers I, 11, IV,  V I )  and B.V.Ovchinskiy (Papers I11 and V), 
Kuznetsov was i n  general  charge of t h e  work. 
formed by Yu.A.Gu3.n and Ye,V.Kuznetsova, mathematicians of t he  Mathematical 
Department of t h e  I n s t i t u t e ,  under the  d i r e c t  supervision by B.V.Ovchinskiy. 

Nonspherical s ca t t e r ing  w i l l  be the  subject  of a 

The numerical methods used i n  making up t h e  Tables were developed by Ye.S. 
Ye.S. 

The computational work was per- 

We wish t o  thank Prof.I,A.Khvostikov f o r  h i s  ass i s tance  i n  organizing the  
work and f o r  his constant support throughout t h e  invest igat ion,  which contri-  
buted t o  i t s  successful conclusion. 

Moscow 
May, 1948 

Ye.S.Kuznetsov 
B.V.Ovchinskiy 
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I. TABLES OF THE FUNCTION &(x) 

Y e  . S . Kuznet sov 

The so lu t ion  of t h e  i n t e g r a l  equation of t he  l igh t -sca t te r ing  theory i s  
int imately connected with t h e  theory of t he  spec ia l  c l a s s  of transcendental 
functions defined by t h e  i n t e g r a l  

e-SX 
m 

E,@) = 1 s” ds ( x > O ;  n > 0 ) .  
I 

For n = 0, t h i s  y i e lds  t h e  function 

For n = 1, we a r r i v e  a t  t he  function 

which i s  connected with the  well-known function 

L4 

- m  by the  r e l a t ion  

E,@)  = - - € i ( - x ) .  (5) 

Solution of t he  i n t e g r a l  equation of l i g h t  sca t te r ing  by t h e  method de- 
veloped by us requires  t h e  use of Tables of the  functions E, (x), E, (x), & (x) 
and, f o r  ce r t a in  spec ia l  calculat ions,  a l s o  of the  functions E&(x). For non- 
spherical  sca t te r ing ,  Tables of functions q ( x )  and higher orders  become neces- 
sary. 
in number of s ign i f i can t  f igures .  W e  therefore  i n i t i a t e d  a spec ia l  project  f o r  
t he  computation of Tables of functions q ( x ) .  We now present  Tables of the  
functions q ( x ) ,  &(x), #(x) amd &(x) f o r  values of t he  argument f o r  each 
hundredth from 0.00 t o  0.60. The Tables are eight-place f o r  the  function q ( x )  
and seven-place f o r  t he  others.  The accuracy and d e t a i l  of t h e  Tables were 
based on the  requirements of t he  method adopted by us f o r  the  numerical solu- 
t i o n  of t he  i n t e g r a l  equation of t h e  theory of l i g h t  sca t te r ing ,  and the  scope & 
of the  Tables (from 0.00 t o  0.60) was dic ta ted  by the  values of t h e  physical 
parameters used ( o p t i c a l  thickness of the  atmosphere) and s a t i s f a c t o r i l y  meets 
t h e  requirements of atmospheric optics.  

Available published Tables were found inadequate both i n  completeness and 
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Below, we present  explanations of t h e  technique of calculat ing these 
Tables. F i r s t ,  we give a summary of the  formulas r e l a t i n g  t o  the  theory of t h e  
functions q ( x )  which are used i n  the  mathematical theory of radiat ion,  i n  com- 
p i l i n g  Tables of these functions, and i n  various types of numerical solut ions 
of problems connected with rad ia t ion  theory. 
taken from published sources and o thers  were independently derived by US. 

Some of t he  formulas here were 

1. Propert ies  of . -  t he  ~- Function E;(x) 

El ( x )  = 0 (e;), x 3 00; 

1 1 x 1  1 x 3  I d  El@) = - c +  log-;- -j- x -  - - + -- - -- - 2 2 1  3 3 1  4 4 1 " ' "  

c = 0.5772156649015 .... 

For g rea t e r  values of x, we have the  asymptotic expansion 

2. ProDerties of t h e  Function El,(x) 

3 .  Inequal i t ies  



4. Relations between Functions E, (x) of Different Orders 
- -~ _ _  - . - .  - _  - _ -  - 

1 
E, ( x )  = [e-” (2 - x f x2)  - x3 El (x ) ] ;  

1 E, ( x )  = - 24 [e-” (6  - 2~ + X* - ~ 3 )  + x‘E, ( x ) ] ;  

1 E8 (n) = ,% [e-” (24 - 6x  + 3x2 .- x3 + x4) - x ~ E ,  ( x ) ] ;  

.................... .................................*... 
(e-” [(n - 2)l- (n - 3 ) ! x  + (n - 4)lx2 - . . . 1 

En(4 = -1 

n - I  n n--2 n--2 ...+(- 1) x ]i-(-13 x 

5. In t eg ra l s  .~ Containing t h e  Functions E,(x) - . . . . . . . - ._ . - - - - - - . 
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.................... .................................... 
X 

1 El ( t )  d t  = 1 - E2 (x ) ;  
0 

X 
~ t 3 E l ( t ) d t = 6 ( ; i - - [ ~ E 2 ( ~ ) f $ E , ( x )  1 + x E , ( x ) + E , ( x ) ] ) ;  
0 
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/8 
................ ................................... 

a 

0 [ , E , (  1 x - t  0 d t = 2 - € 2 ( x ) - € E , ( a - x ) ;  

0 5 tE , (  I x- - t  I ) d f = x [ 2 - € , ( x ) - E E t ( a - x ) ]  + x € , ( x ) + € 3 ( x ) -  

(43 1 

8 

- [(a - x )  E, (a  - x )  + E3 (a  - x ) ]  = 

= 2x +E3 ( x )  - E3 ( a  - x )  - a€, (a - x ) ;  (44) 

7 



...................................................... 
a 5 PE,( I x - t I ) d t  = X" {Z --E2 ( X )  --E2 (a  - x ) }  + nd"-' {%E, (x) + 

0 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

8 
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f e ' - " E l ( t ) d t = - F l o g ( l  I - k ) + T  I ekxEl (x)-  x E l [ ( l - R ) x ~ ,  1 (1)R)O); 
0 

m -  

e-u € , ( t )d t=  -& 1 - $log I 1  + k ) ' .  (k>O);  
0 

a 
1 l + k  1 \ ( I x - t I ) dt  = ekx log l--k + @"El [(i + R )  X ]  - 

ekaEl (a  - x )  - - k ekxE,[(l - 4 )  (a - x)] ,  ( R  < I); 

0 

1 1 1 - E El (4 + 

-a, 

m e- kt 5 Tp d t  = ekXE,  (kx) .  

6. Computing Pract ice  f o r  Tables of Functions E, (x) 
0 

_ _ _  - - -  _ _  __ - 

The Tables of functions &(x) were calculated by means of eq.(8), and t h e  
power series on the  r igh t  s ide  of t h i s  formula was terminated a t  t h e  term i n  
2'. Thus, the  calculat ion was based on the  formula 

1 1 1 E ,  ( x )  z -C + 1.  IO^ x 1 + x - 7 X' + is x3 - 3% x4 + 
1 1 1 1 __ A9 - -- %IO. 1 

36288000 
1 + - x5 - __ x6 + -- x? - -- 600 4320 35250 322560 x8 3265920 
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Remabering t h a t  t h e  res idua l  term of an a l t e rna t ing  series i s  smaller i n  
absolute value than t h e  first rejected term, it  can be establ ished t h a t  t h e  
e r ro r  of calculat ion by t h e  above formula W i l l  be less than 

- 0.00000000227 x'I. 
X'l XI1 -- 

11-11! -439081800 - 

I n  our Tables, t he  g rea t e s t  value of x i s  0.6. Thus, 2' = (0.6)11 = 
= 0.00362797056. Consequently, t he  res idua l  term of t h e  power series, i n  t h e  
most unfavorable case, W i l l  not exceed 

0.00000000227 x 0.00363 = 0.00000000000824, 

i.e. 
involve an error due t o  rounding off  t he  separate  summands of t h i s  formula 
(except f o r  t h e  summands x and -1/4 2, which take t h e i r  exact values),  we may 
consider t h a t  i n  calculat ing With ten s ign i f i can t  d i g i t s ,  t h e  e r r o r  of t he  f i n a l  
r e s u l t  Will nowhere exceed half  of t h e  n in th  d i g i t .  If t h e  m a x i "  value of x 
i s  1.00, a similar calculat ion shows t h a t  we can everywhere be sure  of t h e  
eighth d ig i t .  
of eqs.(22), (23), and (24) on t h e  bas i s  of t he  Tables constructed f o r  t he  
function E, (x). 

one un i t  i n  t he  llth place. Since computation by the  above formula Will /11 

The functions E&(x), Ej(x), and &(x) were  calculated by t h e  a id  

It can be readi ly  demonstrated t h a t  by using, as t h e  bas i s  of our calcula- 
t i on ,  a Table of t h i s  function with eight s ign i f i can t  d i g i t s  and a Table of t h e  
function e-" With t e n  s ign i f i can t  d i g i t s ,  we a l so  Will have e ight  s ign i f i can t  
d i g i t s  f o r  a l l  values of x L 1 i n  t h e  new Tables. 

BIBLICGWHY 

L. Hopf, E.: Mathematical Problems of Radiative Equilibrium. Cambridge, 1934. 
2. Kochin, N.Ye. : Dynamic Meteorology (Dinamicheskaya meteorologiya). Par t  I, 

pp.172-173 and 3b8. 
3. Shpil'reyn, Ya.N. e t  al.: 

nykh funktsiy).  
Tables of Special  Functions (Tabl i tsy s p e t s i a l f -  

P a r t  I, pp.9-&, Moscow, 1933. 
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11. SOLUTION OF THE INTEGRAL EQUATION OF THE THEDRY 
OF LIGHT SCATTERING BY THE METHOD OF 

SUCCESSIVE APPROXIMATIONS 

/12 

Y e  .S .Kuznet sov 

The exact mathematical treatment of t he  problem of t h e  sca t te r ing  of l i g h t  
i n  t h e  atmosphere reduces t o  the  solut ion of a cer ta in  l i n e a r  i n t e g r a l  equation 
with f i n i t e  limits. 
solved by the  method of successive approximation. I n  prac t ice ,  however, t h e  
calculat ion of t h e  successive approximations does not y i e ld  t h e  desired result 
since,  unless t h e  successive approximations converge rapidly,  a v e q  l a rge  num- 
ber  of such approximations must be made t o  bring t h e  approximate numerical solu- 
t i o n  close enough t o  t h e  exact solut ion of t h e  i n t e g r a l  equation. Fortunately, 
i n  problems of atmospheric opt ics ,  good convergence of t h e  successive approxi- 
mations is  ensured i f  t h e  op t i ca l  thickness T* of t h e  atmosphere i s  s m a l l  i n  
value, ranging from 0.1 t o  0.7. The quantity TSC represents t h e  upper l i m i t  of 
t h e  in t eg ra l  entering i n t o  t h e  i n t e g r a l  equation, and therefore  determines t h e  
rap id i ty  of convergence of t he  successive approximations. 

Theoretically, i n t eg ra l  equations of  t h i s  type may be 

I n  this paper, we w i l l  consider t he  elementary problem of t h e  theory of 
l i g h t  sca t te r ing  i n  t h e  atmosphere, s t a r t i n g  f r o m  t he  following assumptions: 

1) The sca t te r ing  i n d i c a t r i x  i s  spherical;  
2) The albedo of t h e  earth 's  surface i s  zero; 
3 )  The l i g h t  i s  incident  on t h e  upper boundary of t h e  atmosphere i n  t h e  

form of a p a r a l l e l  beam making an angle of C with the  ver t ica l .  

The problem formulated i n  t h i s  manner reduces t o  t h e  solut ion of t h e  in- 
t e g r a l  equation 

Our problem cons is t s  i n  a de ta i led  ju s t i f i ca t ion  of t h e  numerical solut ion 
Below, we of this i n t e g r a l  equation by t h e  method of successive approximation. 

give t h e  answers t o  t h e  following th ree  questions: 
of t h e  n-th approximation; 2) method of calculat ing t h e  approximation of a 
given order  from t h e  preceding approximation; 3) evaluation of t h e  e r r o r  of 
approximate calculat ion of t h e  i n t e g r a l  resu l t ing  f r o m  the  calculat ion of t h e  
successive approximations. 

1) evaluation of t h e  e r ro r  

1. Evaluation of .. t he  Error  - of -~ Approximation of a Given Order /13 
The method of successive approximations, as applied t o  t h e  i n t e g r a l  equa- 

t i o n  (l), consis ts  i n  t h e  se lec t ion  of t he  a rb i t r a ry  function Q, ( T )  as t h e  



zero-th approximation, followed by a determination of  t he  (n+l)-th approxima- 
t i o n  based on t h e  formula" 

+* 

4 + + 1 vn (tj (1 7 - t I)  dt ,  (2) 
1. e- (r.-r) sec < QnS1 (4 = 

u 

n = l , 2 , 3 ,  ... 

T* 

1 - - E S G )  

It can be shown t h a t  t h e  sequence of t h e  functions (P,(T) i s  uniformly convergent 
t o  t h e  solut ion o f  t h e  i n t e g r a l  equation (l), and t h a t  (~(7) = lim cpn(7) i s  the  

unique solution o f  t he  problem. The sequence CP,(T) Will converge more rapidly 
n + a ,  

0.2 0 . 3  0.4 0.5 0.6 

0.28 0.3G 1 0.43 0.48 0.58 

f o r  C P ( T )  than a geometric progression with t h e  denominator 1 - q (+I. 'he 

numerical values of t h i s  expression f o r  various values of I+:- are as follows: 

I n  pract ice ,  t h e  calculat ions can be carr ied only t o  a cer ta in  approxima- 
t i o n  cpn(-r), where n too grea t  an integer;  this raises the  question as 
t o  t h e  error due t o  the  replacement of t h e  exact solut ion by t h e  n-th approxi- 
mation c p , ( ~ ) .  The exact so lu t ion  of t h e  i n t e g r a l  equa- 
t i o n  can be represented i n  t h e  form of t h e  i n f i n i t e  series 

i s  not 

L e t  4 be t h i s  error.  

o r  

where 

o r  

Consider the  two a p p r o h a t i o n s  m ( ~ )  and I P ~ + ~ ( T ) ,  where v 2 n. AS follows 
from eq.(2), 

T' 

1 
%+I (4 - 9 v  (.) = 3 s [P" (i) - 'fv-1 (01 €1 (I. - t 1) dt- 

0 
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Hence 

and 

However, 

Consequently, 

Let us put  

max I 'pn (7) - 'pn-l  (7) I = D,. 

Hence, according to eq. (71, 

I n  general, 

On t h e  basis  of eq.(8) we thus obtain 

or 



which l ikewise can be represented in t h e  form of /Ir 

0.38 

The resu l tan t  inequal i ty  permits cor re la t ing  t h e  evaluation of t he  e r r o r  R, 
w i t h  t h e  value of t h e  last calculated difference between two approximations. 
It remains t o  discover t h e  influence on this evaluation exerted by t h e  f ac to r  

0.56 

The following Table gives the  values of  this f a c t o r  f o r  various values 

0.4 

0.74 

0.. 5 

0.93 

0.6 

1.13 

Thus, within t h e  limits of t h e  values of 7 9  of  i n t e r e s t  here ,  t he  follow- 
ing  evaluation can be used: 

I R n  I <Dn. 

I n  o ther  words, t he  e r ro r  of t he  n-th approximation W i l l  be less than the  maxi- 
mum value of t he  difference between the  l as t  two calculated approximations. If 
a less coarse evaluation i s  required, we can always use t h e  inequal i ty  (10) o r  
t h e  above small Table. We note tha t  i n  problems of atmospheric op t ics ,  even i n  
t h e  case of a highly turb id  atmosphere, it i s  never poss ib le  t o  get  double t h e  
value of D,. This doubling i s  a t ta ined  approximately a t  ~ $ 5  = 1; i n  t h i s  case 

1 - l!?z (12') 
= 2.03. 

2. Technicme of Calculating t h e  Successive Appro+ations 

It follows from t h e  general  equation (2) f o r  calculat ing t h e  (n+l)-th 
approximation from t h e  n-th approximation t h a t  t he  problem i n  a l l  cases reduces 
t o  t h e  calculat ion of  an i n t e g r a l  of t he  following form: 



where f(T) i s  an assigned function. 
ture encounter d i f f i c u l t i e s  i n  this case, owing t o  t he  f a c t  t h a t  t h e  function 
%( 17 - t! ) becomes infinite a t  T = t. 
demonstrated below, by se lec t ing  as t h e  dividing poin ts  i n  the  numerical i n t e  

The ordinary methods of mechanical quadra- 

This d i f f i c u l t y  can be avoided, as 

gra t ion  those values of T f o r  which t h e  i n t e g r a l  (12) i s  calculated.  tu 

Let us divide the  i n t e g r a l  (0, I+) i n t o  n equal p a r t s ,  each of length h. 
Then T3I = nh, and 

L e t  

T = k h  

f = d t  

( R  = 0, 1,2, - . . , I t ) ,  

( m  =; 0, 1, 2, . . . , t t ) .  

I n  our calculat ions we used: 

~lt=o.oi ( at T* =0.2; 0.3), 

h -- 0.02 ( at T* = 0.4; 0.5; 0.6). 

Thus, we perform the  calculat ion of our i n t e g r a l  only a t  equidis tant  
values of the  argument, spaced by 0.01 ( o r  0.02). Consequently, 

R - - l  ( m f l w  

I ( k k )  = 2 s f ( I )  El (I  Ril - ti) nt 
m - 0  mk 

o r  

I n  t h e  in t eg ra l s ,  t h e  first sum m S k - 1. 
fying t h i s  condition 

Consider one of t h e  i n t e g r a l s  satis- 

(m+U h 

1 
mh 

I“,’ ( k )  = f (t)  El (Nl -  -- t )  dt 

and l e t  us put ,  approximately 

I 



f (t)  = u, + p,t (tnh < t < ( r n  + 1) h). 

Subs t i tu t ing  this expression i n t o  our i n t e g r a l  and performing t h e  appropriate 
transformations, we a r r i v e  at t h e  following expression: 

As a result of t h e  integrat ion,  t h e  s ingu la r i ty  which we had shifted t o  /17 
t h e  end of t h e  i n t e g r a l  has now vanished. 
calculated from the  assigned values of t he  function f (7 ) .  

The values of cy, and B, a r e  readi ly  
I n  f a c t ,  

Hence, 

E, = f (mlt) - tizA f (tnh). 

Subs t i tu t ing  these expressions f o r  cy, and 8, i n  t h e  above formrda, we f i n a l l y  
obtain 

(a) Af (rtih) /E+' ( k )  = P,+, f ( / ; ; / i )  + ~ k ,  (nz < 4 - l), 

where 

I (15) 
f k m  = 

Qkm = - {E3 [ ( R  - f l ~  - 1) / I ]  - E3 [(k - in) It] - hE, [ (k  - mi - 1) I t]) .  

[ ( R  -nt - l ) h ]  - E, [ R  - rii) h] ;  

where 

Subs t i tu t ing  t h e  expressions (a) and (15) i n t o  eq.(l3), we o b t d n ,  f o r  t he  
i n t e g r a l  I( k) sought, t he  following f i n a l  approximate expression: 
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n-1 

. .  

where the  f ac to r s  Pk. and Q, are calculated by means of eqs.(l5) f o r  m S k - 1, 
and from eqs.(17) f o r  m 2 k. 
t h e  function f ( t )  and may be calculated once and f o r  a l l  f o r  an assigned h. The 
construction of Tables of these coeff ic ients  i s  subs tan t ia l ly  simplified by 
using t h e  following proper t ies  of t h e  symbols Pk. and $. , which can be proved 
without trouble: 

The coef f ic ien ts  Pk. and Q. are independent of  

1) Pr, = F (s) ( independent  of r) ; 

2) Pr, r+s Pr, r -s-1;  

3) Q r ,  r+s = F ( s )  ( independent  of r) ; 
41 Q r , . r + s  == - Q r ,  F-5-1 + h [Ez(s/l) - E ,  ((s f 1) h]] .  

/18 
These proper t ies  permit calculat ion of t h e  values of Pk. only f o r  t he  case k = 
= 0. Having calculated t h i s  column, we then rewrite t h e  values without change 
i n  the  next column but sh i f t ed  one row lower, and so on. 
spaces above and t o  the  r igh t  of t h e  diagonal of the  Table a r e  f i l l e d  wi th  t h e  
d i g i t s  of t h e  same columns, *?reflected?? r e l a t i v e  t o  t h e  diagonal. As a result 
we obtain the  following form of Table f o r  t he  coef f ic ien ts  Pk.: 

The remaining unf i l led  

l 3  
I 

P O 2  
Po1 
Po0 
Po0 
POL 
P o a  

4 

POX 
PO, 
PO 1 

Po0 
1'00 
P" L . .  

5 I . . . .  
- - .  . . . . . .  

PO I 
Po3 
PO? 
PO 1 

Po0 
PO0 . . .  

. . . . . . .  

. . . . . . .  

. . . . . . .  

. . . . . . .  

. . . . . . .  

. . . . . . .  . . . . . . .  

The Table f o r  t he  Qk. is  constructed i n  t h e  same way, but instead of "reflec- 
tion" r e l a t i v e  t o  t h e  diagonal, a more complex l a w  must be applied here. Sche- 
mat ical ly  t h i s  Table can be represented i n  the  followingform,where t h e  quanti- 
t i es  Q represent t h e  expression 

h[E,(s /r)-€El[(s  -1- l ) h ] ] .  

To ca lcu la te  t h e  i n t e g r a l  I ( k )  f o r  an assigned value of k, it is  suffi- 
c i en t  t o  multiply t h e  values of  f(mh) by t h e  d i g i t s  of  t h e  column of t h e  num- 

ber  k of t h e  first Table, and the  values of Af(mh) by t h e  d i g i t s  of t h e  

column of t he  same number of  t h e  second Table, after which a l l  t he  products so 
obtained are summated by eq.(18). Tables of  t he  coef f ic ien ts  Po,, Q,. and Q,. 
are given as appendices t o  this paper. 

h 

It follows from t h e  above t h a t  t h e  



values of Pk. and Q m  may be found f o r  any values of k f r o m  these three Tables. 

- _- - -.. . . - 

0 
1 
2 
3 
4 
5 . . . . . .  

. .  . -  .- . .. . .. - . . -. . . . - 

O I '  
- . . .. - - . 1 . . . .  
. . . . . - . - . - . 

. I  . . . .  I . . . .  I . . . .  I . . . .  

Equation (18) a l so  can be transformed t o  the  form of 
n 

1 ( R )  = 3 Akn: f (nlh), 
m =.I 

This formula reduces the  volume of calculat ions compared with eq.(18). /19 
The m a t r i x  hm, however, i s  less convenient than t h e  matrices Pkm and C$,,. 

3.  Evaluation of the  E r r o r  of Quadrature 

The calculation of t he  in t eg ra l  I(T) was reduced t o  the  calculation of n 
in t eg ra l s  of the form: 

and 

Let us repsesent t h e  function f ( t )  i n  t he  in t e rva l  (al, % )  by the  a id  of 
t h e  Lagrange interpolat ion formula corresponding t o  t h e  case of l i nea r  in te r -  
polation: 

where al .e 5 < a,. 

I n  our case, we must put 

18 



a, = mh, a, = (RZ + 1) h. 

"hen eq.(Zl) takes  t h e  following form: 

where nth < F, < (m + 1) h. 

Equation (22) i s  e a s i l y  put  i n t o  t h e  form of 

where cy, and B, are calculated by the  formulas derived e a r l i e r :  

a, = f (mh) - rnAf (mh) ,  
'A f ( m h )  p =- -  

m h e  

Subst i tut ing eq.(23) i n t o  eq.(19) o r  (x)), we obtain the  i n t e g r a l  c+l (k) i n  ,@ 
t h e  form of two summands, t he  first of which coincides exactly with the  expres- 
s ion  studied above, w h i l e  the  second gives the  e r r o r  of quadrature. 
this e r ro r  by %k, we obtain: 

Denoting 

Since mh S t (m + l ) h ,  t h e  product [t - mh]*[t - (m + 1)h l  r e t a ins  the  
minus s ign i n  the  in tegra t ion  in t e rva l .  
mean value of an in t eg ra l ,  we can write the  preceding expression i n  the  form of 

Therefore, using the  theorem of the  

where mh C '& < (m + 1)h. Put t ing 

19 



t h e  equations of t h e  system (26.) can be combined i n t o  a single formula: 

or 

ukm = -.L 2 (kjm)h {x' - [2(4- m) -1) hx + (k-112) ( k -  m-i) h'} E,(X) dx. 
( k -m-I ) h 

Calculation yields:  

I n  eq.(26) we must put: 

t - kh = x, 

which brings us t o  the  expression 

I n  t h i s  case, we Will have 



W e  obtain the  following expression f o r  the t o t a l  error:  
C-I 

Rk = 2 f" (Tm) u k m i  

m LSI 

where 9. i s  calculated by means of eqs.(28) and (29), and 

. . . < (nz - l)Ih < -qn -, < 7.. 
The function I&. entering i n t o  the  expression of e r ro r  [eq.(30)] satisfies t h e  
following conditions : 

(1) u k m  <O, 
(2) Ur ,  r+s == F (S) ( independent  of  r ) ,  

(3) u r ,  r+s = ur, r - s - l f  

The propert ies  (2) and (3) show tha t  t he  quantity &,, obeys t h e  same laws /22 
as  P k m ,  so tha t  analogous Tables can be compiled f o r  it. 
proof of property ( 4 )  i n  grea te r  de t a i l .  

W e  w i l l  discuss the  

Differentiation of eq.(26) with respect t o  m gives, fo r  example, 

1 
2 

Hence, making use of t h e  subs t i tu t ion  t = (m + -)h + t', we obtain: 

d U k m  = --h yz i 'E, [(m- a +& 1 + if] dt' = dni 
-h i2  

0 

For h > 0 and m > k, the  right-hand s ide  of this equal i ty  i s  posi t ive,  so t h a t  
we obtain property (4). 
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Thus, 1s. 1 is a decreasin function of m. 
at m = k. Se t t ing  m = k i n  eq.f29), we obtain this value, g rea t e s t  i n  absolute 
magnitude, in t he  form of 

W e  obtain its g rea t e s t  value 

1 h 1 
U,, = - E, ( h )  - -..- [ 7,- - E3 ( h )  ] . 

This y ie lds  the  f o l l o d n g  evaluation of t h e  e r r o r  5 :  

or 

where 
O < ? < T * .  

The quantity Yk i s  very small i n  absolute  value. Thus, f o r  h = 0.01, we 
obtain: 

Ukn= - 0.000000406. 

Consequently, i n  this case 

J R, I < 0.000000406 n I f" (q) I. 

A s  an elcample, consider t he  calculat ion of the  first approximation when the  
free term of the  integrated equation (1) i s  taken as t h e  zero-th approximation: 

/23 

1- ( ? - ( P - : ) s e c  I 
4 

1 - ( T *  - T ) r s c  c.  The 
Then, we must ca lcu la te  t h e  i n t e g r a l  (12) f o r  f ( 7 )  = - e 

second der iva t ive  of this function i s  
4- 

Obviously, 

The g rea t e s t  value of 5 i n  our calculat ions i s  76'. Since sec 76' = 
= 3.864, it follows t h a t  
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f" ( T )  < 3.732 < 4 

f o r  any T. For instance, l e t  us take the  value 30 f o r  n. Then, 

I Rk I < 0.000048 < 0.00005. 

I n  r e a l i t y ,  i n  View of t h e  roughness of t h e  estimates, we would expect even 
smaller errors. 

4. qlowanse f o r  t h e  Albedo of the Ear thfs  Surface 

Equation (1) r e l a t e s  t o  the  case when the  e a r t h f s  surface i s  regarded as a 
black body. Describing re f lec t ion  of l i g h t  f r o m  the e a r t h f s  surface by the aid 
of t he  albedo, the  problem reduces t o  t h e  solution of t he  in t eg ra l  equation: 

where q is the  albedo. 
wri t ten as follows: 

I n  t h e  case q = 0 we return t o  eq.(l) ,  which can now be 

-. 

L e t  us introduce the  auxi l iary in t eg ra l  equation: /2k 

It can be shown t h a t  t h e  solution of eq.(32) rp (7) is  represented i n  terms of 
t h e  solut ions of eqs.(33) and (34), so t h a t  %IT) and W ( T )  can be determined by 
t h e  formula 

I - 2q 5 w (f) Ea (1) df 
0 
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The so lu t ion  of eq.(34) can be obtained by m e a n s  of t he  numerical method 
described i n  t h e  preceding Sections. Thus, it is no longer necessary t o  solve 
eq.(32) d i r ec t ly  f o r  each albedo, which g rea t ly  reduces the.amount of computa- 
t i o n a l  work. 

5. Selection of t h e  Zero-th Approxiplation 

It is well known t h a t  t h e  proper select ion of t h e  zero-th approximation 
may considerably decrease the  amount of computational work i n  the  numerical 
solut ion of i n t e g r a l  equations. 
ing p o s s i b i l i t i e s  exht  here. 

I n  t h e  case of eqs.(33) and (34), t he  follow- 

1) The free term of eq.(33) 

can be used as the  zero-th approximation. 
mation i s  convenient from the  physical viewpoint since,  i n  t h i s  case, the  in- 
dividual approximations exactly correspond t o  l i g h t  sca t te r ing  of t h e  various 
mul t ip l ic i t ies .  I n  par t icu lar ,  t he  zero-th approximation i s  i tself  equivalent 
t o  taking account of t he  l i g h t  sca t te r ing  of t he  first order alone. From t h e  
computational viewpoint, however, t h i s  form of the  zero-th approximation i s  
disadvantageous s ince it is  too far from t h e  t r u e  solut ion of  the  in t eg ra l  
equation . 

This choice of t he  zero-th approxi- 

2) Any approximate solution of the  problem may be taken as t h e  zero-th 
approximation, f o r  instance,  the solut ion t h a t  can be obtained by t h e  Schwarz- 
schi ld  method. 

A t  zero albedo of the  earth's surface, this approximate solut ion has  t he  
following form: 

I 
5' - T + 

J 7. +I-- 
*-TI s e c  c 1 - cos t: [ (-;- + cos <) + (;- - cos <) e-(T 

Bctually, it was t h i s  expression which we selected as the zero-th approxi- 
mation i n  a l l  our calculations.  

t e g r a l  equation (34. P reads 

(a5 

The zero-th ap ro-tion of t h e  Schwarzschild type for t he  auxi l ia ry  in- 

1 
2 T * - T +  -- - 

T * + 1  - w (7) = 

24 



However, a more accurate result can be obtained by calculat ing t h e  following 
approximation and taking it as t h e  zero-th, i.e., by put t ing 

1 
2 

r * - t  +-- 
i* + 1 E,( r--t I ) d L  - 1 1 

w (T) = -2- E, ( Y )  + - 
2 "  

Calculation then y ie lds  

1 1  1 
T* - i + + - E2 (7) - &(T* - T)] - - [E3 ( z )  - E3 (7. -- s ) ]  - 2 4 [  2 _ _  . . .- 

- 7 .  +-1 W (T) = ~ 

( 3 9 )  

We used this formula as bas is  in calculating the  zero-th approldmation f o r  
eq. (34).  

Several other  methods of ref ining the  zero-th approximation are discussed 
i n  B.V.Ovchinskiy(s papers. 
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111. IMPXWENENT OF THE ZERO-TH APPROXPIATION 
,, 
Bo V.Ovchinskiy 

The question of se lec t ion  of t h e  zero-th approximation becomes acute i n  
using t h e  method of successive approximations f o r  t h e  numerical solut ion of t he  
fundamental i n t e g r a l  equation of t h e  theory of l i g h t  sca t te r ing  i n  t h e  atmo- 
sphere: 

The proper select ion of t h e  zero-th approximation determines t h e  amount of addi- 
t i o n a l  approximations needed f o r  obtaining a solut ion of  t h e  required accuracy. 

O f  course, t he  free term of eq.(l)  can be selected as t h e  zero-th approxi- 
mation. 

From the  viewpoint of computational technique, however, t h i s  cannot be re- 
garded as a good choice s ince t h e  value of t he  free term d i f f e r s  too grea t ly  
from the  exact solut ion of t he  in t eg ra l  equation, leading t o  the  necessity of a 
l a rge  number of approximations t o  obtain a su f f i c i en t ly  exact result. 

For t h i s  reason, t h e  solut ion obtainable by t h e  Schwarzschild method was 
adopted as t h e  i n i t i a l  approximation. 
t i o n  of eq.(l)  i n  t h e  case of T* = 0.2, 0.3, and 5 = 30, 45, 60, and 76'. 
o ther  values of T* (0.k; 0.5; O.6), the  following method of improving t h e  zero- 
t h  approximation was adopted: 

This was done in constructing t h e  solu- 
For 

The zero-th approximation is  considered i n  t h e  form 

where 
s t a n t s  t o  be determined. 

i s  t h e  solut ion by t h e  Schwarzschild method while A, B, and C are con- 

To determine these constants, l e t  us subs t i t u t e  (D i n  eq.(l)  by the  expres- 
s ion f o r  Q according t o  eq.(2): 
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The in t eg ra l s  enter ing i n t o  eq.(3) can be calculated on the  bas i s  of eqs.(I,43), 
(I,&), and (I,45) of t h e  present paper: /27I 

The following equation is obtained from these formulas f o r  determining A, 
B, and C: 

[ E ,  (7)  -t E, (T:?: - T)] + [T".E~ (T" - T) + E, (T" - T) -E3 (T)] B 4- 

(4)  

where 

i s  t h e  first approximation of our equation, i f  t h e  zero-th approximation i s  
taken according t o  Schwarzschild. Equation (4)  contains three  unknowns, To 
find these unknowns, T can be given a l l  possible  values. 
of equations 
t h e  approximate values of A,  B, and C. 

This y ie lds  a system 
which, after solving it by t h e  method of least squares, furnishes 

We used a d i f f e ren t  procedure: The quantity T was given only three  values, 
T* 

2 
namely, T = 0, T = -, T = T*, w h i l e  A, B, and C were Uniquely determined 

from the  following system: 

[I  + E2 (.*)I n + [ T'!'E2 ( P )  + E3 (T*) - -,-- B + [T,:. E, (+) + 2 ' I  
+ 2.t*E3 (T*) 4- 2E4 (T*) - 3 

2E2 ('21) A + .*E2 (T) B + [ T " ' ~ € ~  ($)+ 2+E3(-$) + 
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"he quant i t ies  cnl(0), cplj2,j, and C P ~ ( T + ~ ) ,  entering i n t o  t h e  right-hand /28 
s ides  of eq. (5), were determined by numerical in tegra t ion  using t h e  method de- 
scribed i n  t h e  first paper. 

As s ta ted  above, f o r  T* = 0.2 and T* = 0.3, t h e  values obtained by t h e  
Schwarzschild methzd were taken as t h e  zero-th approximation, i.e., % ( T )  was 
taken as equal t o  ~(7). 
t h e  parabolic tr inomial A + BT + C T ~ ,  we performed addi t iona l  calculat ions f o r  
T* = 0.2 and ~ + t  = 0.3 and f o r  a l l  5. -The graphs a t  t h e  end of this book give 
t h e  successive approdmations, using w, i.e., t h e  so lu t ion  obtained by t h e  
Schwarzschild method, as the  zero-th approximation. 
sponds t o  the  values of % = rp + A + BT + C'r2. 
broken curve corresponds t o  t h e  second and t h i r d  approximations. 
poorer result i s  usually obtained f o r  t h e  terminals of t h e  curve. 

To def ine the  changes introduced by the  addition of 

The broken curve come- 
These diagrams indica te  t h a t  t h e  

A somewhat 

I n  v i e w  of  t h e  r e l a t ive ly  small amount of work involved i n  calculat ing t h e  
parabolic tr inomial A + BT + CT', which saves two o r  th ree  approximations, t h e  
advantage of t h i s  method i s  obvious. 
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IV.  COMPARISON OF THE APPROXIMATE SOLUTIONS OF THE PROBL;EM 
OF LIGHT SCATTERING IN THE A?MOSPHERE WITH THE SOLUTIONS 

O B T A I "  BY THE A I D  OF INTM;R(LZ, EQUATIONS 

/29 

Y e  . S . Kuznet sov 

Unti l  recently,  t h e  problem of t h e  propagation of radiant  energy i n  absorb- 
i ng  and sca t te r ing  media was solved mainly by approximate methods and no exact 
da ta  were avai lable  on t h e  degree of deviation of these approldmate solut ions 
from t h e  rigorous solut ion of t he  problem. 

The a p p r o b a t e  methods used i n  p rac t i ca l  appl icat ion can be subdivided 
i n t o  two groups. 

The first group comprises t h e  methods based on the  d i r e c t  calculat ion of 
s ing le  sca t te r ing  and sometimes a l so  of double sca t te r ing  (below, we wi l l  refer 
only t o  problems of pure sca t te r ing) .  
c l a s s  are readi ly  obtained by using, i n  a l l  re la t ions  of  t h e  exact theory, t h e  
free term of t he  i n t e g r a l  equation of t he  theory of l i g h t  sca t te r ing  instead of 
t h e  exact solut ion of t h a t  equation. 

All approximate formulas r e l a t ing  t o  t h i s  

The second group includes t h e  methods f o r  solving t h e  problem of l i g h t  
sca t te r ing  based on t h e  application of some form of approximate equation f o r  t h e  
t r ans fe r  of radiant energy. 
Schwarzschild are t h e  most widely used formulas i n  astrophysics and meteorology. 
The a p p r o b a t e  method of solut ion proposed by Eddington f o r  t he  transfer equa- 
t i ons  i s  l e s s  of ten  employed. 
method which i s  a generalized Schwarzschild method, permitt ing,  i n  pr inciple ,  
solut ions with any desired degree of exactness. 

The approximate t r ans fe r  equations established by 

Finally,  w e  should mention the  Chandrasekhar 

The numerical solut ions obtained by us f o r  t h e  i n t e g r a l  equation of t h e  
theory of l i g h t  sca t te r ing  i n  t h e  atmosphere permit a comparison of t h e  various 
approximate solut ions with t h e  exact solut ion (nithin t h e  limits of e r ro r  of 
t he  numerical solut ion of the  i n t e g r a l  equation) . 

We preface t h e  descr ipt ion of t h e  r e s u l t s  of such a comparison by t h e  deri-  
vation of t he  approximate solut ions,  based on the  Schwarzschild and Eddington 
methods. Both these solut ions have been derived anew i n  t h e i r  appl icat ion t o  
t h e  problem of l i g h t  sca t te r ing  i n  the  ea r th t s  atmosphere, t he  basic  difference 
i n  our formulation of t h e  problem ly ing  i n  t h e  f a c t  t h a t  we allowed f o r  t h e  
albedo of t he  ear thcs  surface, which was disregarded i n  t h e  c l a s s i c a l  Schwarz- 
schi ld  and Eddington solutions.  

The Chandrasekhar method Will not  be discussed here, s ince a spec ia l  
a r t i c l e  by B.V.Ovchinskiy i s  devoted t o  it. 

Confining t h e  calculat ion t o  t h e  case of spherical  pure sca t te r ing  i n  
t h e  atmosphere, we can reduce t h e  solut ion or' t h e  problem, i n  i t s  exact formu- 

&) 
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l a t i on ,  t o  the  following equations of  t r a n s f e r  of rad ian t  energy: 

N 

where I1 and I, are t h e  i n t e n s i t i e s  of t he  rays directed away from the  earth 's  
surface and toward it, respectively; 8 i s  t h e  angle made w i t h  t h e  v e r t i c a l  by 
t h e  former of these rays; T i s  the  o p t i c a l  thickness of  t h e  l aye r  of atmosphere 
from the  earth's surface t o  a specif ied height z, and 

Let z(~9, 0 )  be t h e  i n t ens i ty  of t he  l i g h t  incident  on the  upper boundary 
of t h e  atmosphere (fo; T = 7%). 
function, instead of &(T, e ) ,  t he  function 12(7, e), defined by the  transforma- 
t i o n  

It is convenient t o  take, as a new unknown 

Obviously, f o r  T = T*', t h e  following condition must hold: 

l2 (+, 0) = 0. 

Then t h e  systems of equations (1) and (2) take  the  form: 

( 4 )  

Below, we are concerned with the  case i n  which the  l i g h t  i s  incident  on the  
upper boundary of t h e  atmosphere i n  the  form of a p a r d l e l  beam making t h e  
angle 5 (zeni th  dis tance of t he  sun) with t h e  ver t ica l .  
by ITS t h e  flux across un i t  area normal t o  t h e  beam, eq.(6) w i l l  be replaced 

I n  t h i s  case, denoting 
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The problem is  thus reduced t o  the  solut ion of three equations [eqs.(5) 
and (? ) I  i n  t he  unknown functions 11, Iz, and K. 
function &, a t  T = T*, i s  expressed by eq.(&). 
d i t i ons  on the  ear th 's  surface ( T  = 0), we introduce t h e  fluxes 

The boundary condition f o r  t h e  
To formulate the  boundary con- 

I -- 

F, (T) = 2c: /I (7, 0) sin 0 cos OdO, 

I i 0 

li I _ -  

J F ,  (7) = 2x lZ (7, 0) sin 0 cos OdO. i 0 
Then, a t  T = 0, we have the  condition 

F, (0) == q [F, (0)  + K S C - ~ ~ ~ ~ ~ :  COS <I, 

where q i s  the  albedo of t h e  earth 's  surface. 
obtain 

I n  par t icu lar ,  at  q = 0, we 

F, (0) = 0. 

1. The Schwarzschild Approximation 

W e  now introduce the  quant i t ies  
4 
-. 
2 

( 9 )  

The Schwarzschild approximation i s  defined by a hypothesis according t o  which 

n 

I K I ( T )  = 2F, (71, 
K ,  (7) 2 2 F ,  (7). 

L e t  us  multiply eq.(5) by 2rr s i n  0 and in t eg ra t e  over 9 from 0 t o  -. 
Then, 2 
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whence, making use of t h e  conditions ( U ) ,  we obt 

I dF1  = ~ K K  - 2F,, 
dr I 

i n  t h  r o d n  t e  equations: 
/32 

under t h e  boundary conditions 

Thus, i n  t he  Schwarzschild approximation, t h e  problem i s  reduced t o  t h e  
solut ion of t h e  following equations: 

The solut ion of t h i s  system gives no t rouble  and, f o r  t h e  function K(T), leads 
t o  the  formula 

(17) 
1 

.I( =L n~ (4- __ cos2 7, e- (:*---:) .Tee c + 2 CZ -C1T, 

where 
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In particular, at q = 0, we have 

In this case, 

:* - -i f 1 
2 _- 

I 1 1 r * - t - 1  - - xs cos < [ (- :- + cos <) + ( -;- - cos < e-- i* scc 

2. _____. The Eddinpton __ .~ -~ ADproximation 

We now introduce the quantities 

The Eddington approximation is defined by the hypothesis 

Hence, 

and 

Adding and subtracting eq.(5), we obtain 

cos 0 d (11 +e4 = - (I1 - I,), 
aT 
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n 
Let  us multiply eq.(23) by 2n sin 9 and i n t eg ra t e  over 8 from 0 t o  -. Then, 

2 

o r  

whence 

Mt: 
n - will y ie ld  
2 

Let us now ca lcu la te  t he  constants c1 and c2 Combining conditions (12) 
and (20), we may write: 

From eqs.(&) and (28) we obtain,  a t  T = 0 and T = 7):: 



However, 

and 

whence 

and 

while, f o r  Fz (01, 

and 

Hence, we obtain t h e  following equations f o r  determining c1 and e: 

I 3 irs cos 1: + c1 = .2- (C' - c17 --- 77s cos? C) -- 
I 

Hence, 

A t  q = 0, we have 
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a c ,  = K S  cos < cos r; -t - -  -L ( 3 1  
> 

(32) 

Subst i tut ing t h e  values obtained f o r  c1 and c2 i n t o  eq.(26), we f ind  
f o r  K(7) :  

I n  par t icu lar ,  at q = 0,  

N e x t ,  t h e  approximate values of K(T) were compared f o r  t he  case of q = 0 
with the  exact values obtained by numerical solut ion of the  in t eg ra l  equation 
of l i g h t  scat ter ing.  
i n  this comparison: 

The following values of t h e  parameters T%- and 5 were used 

i* = 0.2; 0.3; 0.4; 0.5; 0.G; 
t; = 30, 45, 60, 76". 

For each of t he  20 combinations of these two parameters we calculated K(T) by 
means of t h e  formulas: 
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I . . . . .  _ _ _ _ _ ~ ~  ~~ .. . . . . . . . . - . . . . . . . ___ . , . 

calculated from eqs.(35), (36), and (3.7) f o r  comparing with t h e  exact solut ion 
of t h e  i n t eg ra l  equation (~(7) 

"he results of t h e  comparison may be summarized i n  t h e  following proposi- 

1) All three approximate solut ions (01(7), cpsch (~) ,  and c p , ( ~ ) ,  are lower 
than t h e  exact solut ion (~(7) of the  in t eg ra l  equation. 

2) The Schwarzschild approximation ( p # c h  ( T )  i s  somewhat c loser  t o  t h e  exact 
solut ion (~(7) than i s  t h e  Eddington solut ion Cp, ( 7 ) ;  however, t he  difference be- 
tween these two approximations i s  very s m a l l ,  and i n  most p rac t i ca l  cases they 
may be considered as coinciding. 

exact solut ion than does t h e  approximation 'p1 ( T ) ,  which allows only f o r  s ing le  
scat ter ing.  It may roughly be considered t h a t  t h e  Schwarzschild approximation 
i s  equivalent t o  allowance f o r  double o r  p l u r a l  scat ter ing.  

t i ons  : La 

3 )  The Schwarzschild approximation cps c h  (7) gives a r e s u l t  c loser  t o  t h e  

A more exact idea  of t h e  re la t ions  between t h e  various approximations and 
the  exact solut ion can be obtained f r o m  t h e  Tables. 

. .. . , .. 
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V. ON THE EXACTNESS OF CHANDRASMHAR'S APPROXIMATE m H O D  

B . V.Ovckinskiy 

The object  of t h i s  paper i s  t o  compare t h e  solut ion of the  equation of 
t r ans fe r  of radiant energy, based on the  method recent ly  proposed by Chandra- 
sekhar, with the  solut ion obtained f r o m  the  i n t e g r a l  equation (1) of the  first 
paper i n  t h i s  collection, based on the  method of successive approximations. 

It i s  well known t h a t  t he  equation of rad ian t  energy t r ans fe r  f o r  a spheri- 
cal  sca t te r ing  i n d i c a t r i x  may be represented i n  t h e  form of 

df 1 cos 8 = 1 I sin e de - qT, e).. 

To make use of the  method 
and cos 8 = P. Then eq.(l  P may be replaced by 

roposed by Chandrasekhar, l e t  us put T = T* - T '  

2 s -  d l  
d r  p - , = I - -  Zdp. 

-1 

The pr inc ip le  of t he  approximate method developed by Chandrasekhar f o r  t he  solu- 
t i o n  of this equation cons is t s  i n  subs t i tu t ing  t h e  i n t e g r a l  by the  sum accord- 
ing  t o  Gauss' method. Equation (2) can then be replaced by the  following system 
of d i f f e r e n t i a l  equations: 

where t h e  quant i t ies  aJ are t h e  Gaussian coeff ic ients ,  and PI t he  roots  of a 
Legendre polynomial of the  2n order. 
always, i n  t he  form of gi e-"' , k i s  found as a root  of the  equation: 

The solut ion of t h i s  system is  found, as 

The solut ion of t he  system ( 3 )  may be wri t ten i n  the  form of 

I 



o r ,  passing t o  the  old independent variable,  

( i = * 1 ,  *2,. . . , kn). 

To determine t h e  a r b i t r a r y  constants h, L a ,  b, and Q, use must be made of  
boundary conditions which, i n  t h e  case of d i f fuse  radiat ion of the  ear th ,  can 
be wr i t ten  i n  the  following form: 

I p f 2 )  (.*) = 0, I ,  = I ( ' )  (0) = I ,  (i = * 1, * 2, . . . , + n). (5) 

I n  the  first approximation ( n  = l), we obtain 

Having t h e  quan t i t i e s  11, L1, we eas i ly  e s t ab l i sh  t h a t  

The second approximation i s  obtained by put t ing n = 2 ( f o r  i = 1, 2): 

R = 1.97203, pl = 0.399981, p2 = 0.861 136. 

The constants h, L1, b, and Q are here determined from the  system of equations 
derived from eqs.(8) a t  T = 0 and T = T*, if t he  boundary conditions (5 )  are 
borne in mind. 

For K we obtain the  approximate expression 

K(7 1 
I' Table (XI.1) gives  t h e  values of the  quant i ty  W(T)  = - calculated 

f r o m  eqs.(7) and (9) and denoted by Chl and Cb . 
values of W(T)  obtained by so lu t ion  of t h e  i n t e g r a l  equation: 

The same Table also gives the  
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using t h e  method of successive approximations. 
values of W ( T )  calculated by means of Schwarzschildfs method 

The same Table a lso  gives the  /4.0 

It is obvious from t h e  calculation r e s u l t s  t h a t  t h e  values of W ( T )  obtained 
by the  Schwarxschild method a re  of an exactness intermediate between the first 
and second Chandrasekhar approximations. 
= 0.6 a r e  an exception. 

Several points  i n  the case of TX- = 

Let us pass t o  the  case when the atmosphere i s  illuminated from above by a 
I n  p a r a l l e l  beam of rays of i n t ens i ty  nS making the  angle 6 wi th  the  ver t ical .  

t h i s  case, the  boundary conditions (5) may be retained, i f  the  radiant energy 
transfer equation is taken i n  the  form of 

I 

Putting cos 0 = p and T = T* - T?,  eq.(lO) may be represented as follows: 

+I 

o r ,  using Chandrasekharrs method, 

Thus, we obtain a system of 2n inhomogeneous d i f f e r e n t i a l  equations. 
solution of t h i s  system is  the sum of the general solut ion of the homogeneous 
system and the  pa r t i cu la r  solution of t he  inhomogeneous system. The solut ion 
of the homogeneous system i s  of the form of eqs.(&). 

tu t ing  t h i s  pa r t i cu la r  solut ion in to  eq.(9), we have 

The 

. Substi- T ' s e c  6 Let us seek the  pa r t i cu la r  solut ion i n  the  form of Hie'- 

j = n  
S I  

H , ( l + p i s e c < ) =  -+ -  4 2  2 a j H j = = B  
j - - n  

I 



or B Hi = 1 +p i  sec i 

Substituting Hi of eq.(12) by the resultant expression, w8 obtain the following 
value for B: 

so that the particular solution of the system may be represented in the form of 
L4.1 

se-='sec < 
- 

(13) ) -  
Passing to variable T,  we represent the general solution as follows: 

for the case of 
must be sought in a different form. 

# sec 5 .  In the case of = sec 5 ,  the particular solution 

The constants h, La, by and Q are determined from the boundary condi- 
tions (5) or, as we Will do below, from 

For further calculation, let us now write out the formulas of the first 
and second approximations. 

3 
The solution of the system (11) is of the form 



Hence, 

Using the boundary conditions (15), we obtain from eqs.(l6) the values of b 
and Q: 

1 
I 

3 
2 6 z -  ;r scos: 

7* + -- 
v-iF 

(la 3 
Q = q S c o s C  T* + - 2 

v3- 

1 
I 
I 

3 
2 6 z -  ;r scos: 

7* + -- 
v-iF 

Substituting these values of b and bQ into eq.(17), we reduce the expression /& 
for K(T), after simple computations, to the form: 

1 
7* - T+ - 

v 3  
(19) 2 '  T* + 

v-5 
E 3 - ~ s c o s ~  c o s < +  

indicating complete analogy to the approximations of Schwarzschild (IV.18) and 
Eddington (IV.37). 

The results of calculations by eq.(l9) for several values of ~ 3 t  and 5 are 
given in Table XI.2, Column Chl. 

Second Approximation (n = 2) 

In this case the solution is of the form (putting S = 1) 



To determine the  constants, eq.(Zo) and t h e  boundary conditions (15) must be 
used, yielding a system of four  equations i n  four  unknowns. 
we obtain the  following expressions: 

Solving t h i s  system, 

L-, =- ~tLl[i(l+4)-.s.(lp)l+Ir,rs(l_+_p)--1(1+ljrll+sr*p . ]  
4.4643 ek’* (s - t )  + 0.22803 qf + sp (1.43538 e k r *  + 0.59886) ’ 

0.52116 (I +q) - (4.4643ek*-0,22803 q)  L-, . 
I 

- 
s L, = 

m - n  
4.4643 L1 + 0.22803.L1,+.0%m6 ’ b = -  

I n 

I Q=- --3;02xg- -t 1.43538 L I -  0.37083 L-, + 0.861 14, 

where, f o r  brevi ty ,  t h e  following notat ion i s  introduced: 

s = 0.22803 e--kr’ - 4.4643 q;  

t = 0.22803 e-k:* - p  (0.37083 e-k;* - 3.0289). 

It is  more convenient t o  begin t h e  calculat ion of t h e  constants L, b, and Q 
by calculat ing t h e  aux i l i a ry  quan t i t i e s  m, n, p, q, s, t and then t o  pass t o  
eq.(22). As dl1 be seen from t he  above formulas, t h e  calculat ions become 
cumbersome already a t  t h e  second approximation. The introduct ion of th ree  o r  
more approximations would require  the  solut ion of a system of six o r  more equa- 
t i o n s  each time. Table XI.2, Column Ch,, gives the  values of W ( T )  according t o  
t h e  second approximation of Chandrasekhar. 
of V(T)  by the  Schwarzschild method and t h e  e r ro r  ( i n  percent) f o r  Chl, Ch,, 
and f o r  t h e  Schwarzschild approximation as compared with t h e  exact so lu t ion  (by 
successive approximations ). 

A study of t h i s  Table ( f o r  those values of TO and 5 f o r  which calculat ions 
were performed) leads t o  t h e  following conclusions: 

The same Table a l so  gives the  values 

The first approximation according t o  Chandrasekhar ( Chl ) gives less exact 
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r e s u l t s  than t h a t  obtained by the  Schwarzschild method. 

The second approximation comes c loser  t o  t h e  exact solut ion than the  
Schwarzschild approximation . 

I n  conclusion, we note  t h a t  t h e  choice of t h e  first approximation de- 
scribed by us i n  Paper I of t h i s  book gives results somewhat c loser  t o  t h e  exact 
solut ion than the  second Chandrasekhar approxhat ion.  
again does not  require  increased computational work. 

T h i s  parabola method 

The graphs at  t h e  end of this book give t h e  result of calculat ions by t he  
A study of these  graphs confirms Chandrasekhar method (second approximation). 

our above statements. 
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V I .  APPLICATION OF THE NUMERICAL SOLUTION OF THE 1NTM;RPL 
EQUATION OF THE THEORY OF LIGHT SCATTERING I N  TIE 

ATMOSPHERE TO THE COMPILATION OF TABLES OF 
THE HAZE FACTOR 

Y e  S Kuznet sov 

A pecul ia r  o p t i c a l  cha rac t e r i s t i c  of t he  atmosphere, t h e  so-called "haze 
factor", i s  very important i n  problems of aerial photogrammetry and in other  
appl icat ions of t h e  theory of l i g h t  sca t te r ing  in t he  atmosphere. 
t r u e  brightness of an object  on t h e  e a r t h t s  surface,  which is observed i n  a 
ce r t a in  direct ion,  T t h e  transmission coeff ic ient  of t h e  atmosphere f o r  t he  
same direct ion,  and B t he  corresponding brightness of  t h e  haze, then the  haze 
f a c t o r  will be defined by t h e  formula 

If B i s  t h e  

cj=- P 
B - T  

The brightness B of t h e  object  i s  proportional t o  t h e  i l luminat ion E of t h e  
e a r t h t s  surface,  t he  %rightness factor" r being t h e  proport ional i ty  f ac to r  and 
depending i n  general on the  d i rec t ion  of t h e  incident  ray and on t h a t  of t h e  
re f lec ted  ray. Thus we obtain the  following formula f o r  B: 

B = rE,  

and f o r  t h e  haze factor :  

I n  what follows, we s h a l l  consider t he  case when the  br ightness  f ac to r  r i s  in- 
dependent of both t h e  d i r ec t ion  of t he  incident  ray and t h a t  of t h e  re f lec ted  
ray. In  this case the  r e f l e c t i v i t y  of the  object i s  characterized by t h e  al- 
bedo Q, which i s  connected with t h e  brightness f ac to r  by t h e  formula 

Q = icy. 

Then, f o r  t he  haze f a c t o r  we have 

The case Q = 1 corresponds t o  an i d e a l  w h i t e  r e f l ec t ing  surface. 
we obtain what i s  known as t h e  lfabsolute haze factor": 

In this case, 

4 
ET' 

c==- 

45 



The haze fac tor ,  f o r  a r b i t r a r y  Q, may be expressed i n  terms of the  absolute 
haze f a c t o r  by means of t he  equal i ty  

The absolute haze f a c t o r  i s  a quant i ty  depending i n  a very complex manner on a 
number of  var iables  and physical parameters. Even i f  t h e  problem is  ideal ized 
t o  a considerable extent,  we s t i l l  must consider (T as being a function of t h e  
a l t i t u d e  z above the  e a r t h f s  surface and of t h e  angle 8 included between the  
d i rec t ion  of t he  v i sua l  ray and the  d i rec t ion  of t h e  ve r t i ca l ,  and a l s o  as de- 
pending on th ree  parameters: t h e  o p t i c a l  thickness of t h e  e n t i r e  atmosphere T-X, 
t h e  zeni th  d is tance  o f t h e  sun 5 ,  and the  albedo of the  e a r t h f s  surface q. 
Here we must d i f f e r e n t i a t e  between t h e  albedo Q of t h e  observed object  and t h e  
albedo Q of t h e  earthfs surface. 
haze fac tor ,  we a r e  dealing with an object  of r a t h e r  small angular diameter 
having an albedo Q = 1 and, observed against  t h e  background of t he  earth 's  
surface, having an albedo q. 
symbol oq. 

albedo Q of t h e  object  w i l l  then be 0' ' )  = -. 

I n  pa r t i cu la r ,  i n  t h e  case of the  absolute 

W e  Will denote this absolute  haze f a c t o r  by t h e  
The haze f a c t o r  f o r  the  albedo q of t h e  e a r t h f s  surface and the  

Q 
Ea r l i e r  attempts t o  ca lcu la te  t h e  haze f a c t o r  t heo re t i ca l ly  (Faas,  Levin) 

were only made t o  the  f irst  approximation, neglecting t h e  r)multiplicityrt of t he  
sca t t e r ing  of l i g h t  and t h e  r e f l ec t ion  of l i g h t  from t h e  ear th 's  surface. 

The so lu t ion  we propose i s  based on the  following assumptions: 

1) The o p t i c a l  p roper t ies  of t h e  atmosphere and t h e  earth's surface do not 
depend on t h e  horizontal  coordinates. 

2) The atmosphere i s  a medium with pure sca t t e r ing  (with no t r u e  absorp- 
t i o n  of l i g h t )  . 

3) "he sca t t e r ing  of l i g h t  a t  each point  of t h e  a e r i a l  medium proceeds by 

4 )  The atmosphere i s  il luminated by a p a r a l l e l  beam of rays emitted by t h e  

a spherical  l a w  ( spher ica l  s ca t t e r ing  ind ica t r ix )  . 
sun; t h i s  beam encounters no obstacles,  such as clouds, in i t s  propagation 
through t h e  atmosphere. 

The exact solut ion of t he  problem of the  sca t t e r ing  of l i g h t  i n  the  atmo- 
sphere under these conditions reduces t o  a so lu t ion  of the  i n t e g r a l  equation 
(11.32) . 

I n  t h e  notat ion of Paper I1 of t h i s  book, we then have 

p = s. sec 0 e-(z-f)  sec e (Pq (4  nt; 
U 
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Subst i tut ing eqs.(8) - (10) in to  eq.(6), we obtain t h e  following expression f o r  
the  absolute haze f ac to r  a t  an albedo q f o r  t he  earthcs surface: 

I n  par t icu lar ,  a t  q = 0, we obtain the  formula: 

where rpo ( t )  i s  t h e  solut ion of the in t eg ra l  equation (1) i n  Paper I1 [ eq.( 11.1) 1. 
The quantity us can be expressed in terms of 00, q and i n  terms of the solution 
W ( T )  of t h e  auxiliary i n t e g r a l  equation of Paper 11. 
cien t  t o  replace t h e  expression (Pq(7) i n  eq . ( l l )  by (Po(7) and W ( T )  according t o  
eq.(II.35) and make use of eq.(II.36). Simple computations w i l l  then y ie ld  the 
following important formula: 

For t h i s ,  it is  suff i -  

showing t h a t  t he  absolute haze f ac to r  depends s t r i c t l y  l i nea r ly  on the albedo 
of the  earthvs surface. 

By the  a i d  of eq.(l3) t h e  absolute haze f ac to r  f o r  any albedo q of t h e  
earthts surface may be expressed in terms of 0, and q, and a l so  i n  terms of t h e  
a d l i a r y  in t eg ra l  equation (11.34,). 

equation ( I I . l ) ,  w e  constructed Tables of t he  absolute haze fac tor  o0 at an 
albedo q = 0 of t he  earthts surface. 

Using eq.(12), on t h e  basis  of the  numerical solution of the in t eg ra l  

To calculate  t h e  haze f ac to r  09, use can be made e i t h e r  of eq.(l3) o r  of & 
t he  formula 



which i s  more convenient f o r  computation, while spec ia l  Tables may be compiled 
f o r  t he  coef f ic ien ts  

7 9  T 

1-2 q S o(t) E, (t> dt  and q sec e 5 et sec e 0 (i) dt 
0 0 

For calculat ions t h a t  do not  require high accuracy, an a p p r o b a t e  formula 
taking only s ing le  sca t t e r ing  i n t o  account may be derived from eq.(12). 
t i ng ,  approximately , 

Put- 

1 
4 (15) 

'po (t) - p t r * - T ) s e c C  

w e  Will have: 

The haze f a c t o r  i s  of g rea t  p r a c t i c a l  importance i n  aerial photography, but 
i s  also useful  i n  o the r  appl icat ions of t h e  theory of l i g h t  s ca t t e r ing  i n  t h e  
atmosphere. 



MPLANATORY NOTES TO THE TABLES 

. Table - I; Functions -. ?!&(XI ( n  = 1, 2, 3, 4)  

This  Table gives t h e  funct ions Q(x), E&(x), & ( x ) ,  and &(x) t o  e ight  
places,  f o r  values of t he  argument from x = 0 t o  x = 0.6 a t  in t e rva l s  of 0.01. 
The coverage of t h e  Table i s  intended f o r  appl icat ions t o  problems of atmo- 
spheric opt ics ,  i n  which t h e  highest  value of x i s  determined by the  o p t i c a l  
thickness of the  atmosphere, which r a re ly  exceeds 0.6. 
ber of places and the  i n t e r v a l  between the  values of t h e  argument was d ic ta ted  
by t h e  required accuracy of ca lcu la t ion  in t h e  numerical so lu t ion  of t h e  inte-  
g r a l  equation of l i g h t  sca t te r ing .  

The choice of t h e  nun- 

This coverage of t h e  Tables i s  insu f f i c i en t  f o r  problems involving radiant  
heat exchange i n  the  atmosphere and must be considerably extended f o r  such uses. 

Table 11; Coeff ic ients  Pkm and Q m  - - . . - . -. -. -~ 

In  Paper I1 of this book, we gave the  determination and method of applica- 
t i o n  of the  coef f ic ien ts  Pkm and Q m  t o  the  numeric& so lu t ion  of t h e  in t eg ra l  
equation of t h e  theory of l i g h t  scat ter ing.  The proper t ies  of t he  symbols Pkm 
and Q 8  make it possible  t o  confine the  presentat ion t o  t h e  values of Po. , Q O m ,  
and Q,. . The same paper a l s o  gives  a method f o r  passing from these values of 
t he  symbols t o  t h e i r  values f o r  a r b i t r a r g  values of k. 
i n  two versions, f o r  t he  i n t e r v a l  h = 0.01 and f o r  h = 0.02, i n  view of t h e  
f a c t  t h a t  t h e  numerical so lu t ion  of the  i n t e g r a l  equation had one value of h o r  
t h e  other ,  depending on t h e  o p t i c a l  thickness of t h e  atmosphere. 

The Table i s  presented 

This Table contains t h e  r e s u l t s  of t he  numerical so lu t ion  of t he  i n t e g r a l  

The so lu t ion  was performed by t h e  method of successive approxi- 
equation ( 1 1 . 3 )  at  o p t i c a l  thicknesses of t he  atmosphere of 7 9  = 0.2, 0.3, 0.4, 
0.5, and 0.6. 
mations, w i t h  eq.(II.39) used as the  zero-th approximation. 
quired accuracy, it was s u f f i c i e n t  t o  ca lcu la te  th ree  approximations (not 
counting the  zero-th) i n  each case. 

To reach the  re- 

The function W ( T )  plays an intermediate r o l e  and i s  necessary f o r  t h e  
t r a n s i t i o n  from the  so lu t ion  of t he  i n t e g r a l  equation of t h e  theory of l i g h t  
s ca t t e r ing  a t  an albedo of q = 0 of t he  ear th 's  surface t o  the  case of an arbi- 
t r a r y  albedo. 

Table IV; Solution of  t h e  In t ea rd l  -Equat&is- -of t he  3 e o - q  of Light  
Sca t te r ing ,  q, fi)- 

& 

This Table cons is t s  of f i v e  subtables containing t h e  results of the  numeri- 

49 



c a l  solut ion of  t h e  fundamental i n t e g r a l  equation (33) of t h e  theory of l i g h t  
sca t te r ing  i n  t h e  atmosphere a t  t h e  followin 
(op t i ca l  thickness of t h e  atmosphere) and 5 ?zenith dis tance of t h e  sun): 

values f o r  t h e  parameters T* 

T* = 0.2; 0.3; 0.4; 0.5; 0.6; 

<=30, 45, 60, 76O. 

The albedo of t he  earth 's  surface is taken as zero in a l l  20 cases. The zero-th 
approximation was selected d i f f e ren t ly  f o r  d i f f e ren t  values of 7 3 .  
= 0.2 and T* = 0.3, eq.(II.38) which represents t h e  Schwarzschild approximation 
(cf.  Paper I V  was taken as t h e  zero-th approximation, except f o r  t h e  case = 

= 0.3, 5 = 60 , i n  which t h e  zero-th approximation adopted was t h e  approximate 
solut ion of  t h e  i n t e g r a l  equation i n  t h e  paper by Ye.S.Kuznetsov (c f .  Izv. AN 
SSSR, ser. geograf. i geofiz., Vo1.9, p.204, 1945). 
t h e  zero-th approximation was considered i n  t h e  form of the  equation 

For T* = 

b 
For - 0 6  = 0.4, 0.5,and 0.6, 

where i s  the  Schwarzschild approximation and A, B, and C are coef f ic ien ts  
calculated by t h e  method discussed i n  Paper 111. 

The number of successive approximations was i n  each case determined by t h e  
required accuracy. I n  t h e  cases of T ~ C  = 0.2 and 7% = 0.3, f i v e  approximations 
each were calculated (except f o r  the  case 7 9  = 0.3, 5 = 60°, i n  which only one 
approximation was calculated).  For 7-x- = 0.4, three  approximations proved suf- 
f i c i e n t  and f o r  TO = 0.5 and T* = 0.6, four  approximations each (not counting 
the  zero-th approximation i n  e i t h e r  case). 

When Table I V  i s  used t o  solve a spec i f i c  roblem of atmospheric opt ics ,  
it must be borne i n  mind t h a t  t h e  function % ( T  P i s  t h e  solut ion of  t h e  "re- 
duced" i n t e g r a l  equation of t he  theory of l i g h t  sca t te r ing  i n  t h e  atmosphere, 
obtained under t h e  assumption t h a t  t h e  s o l a r  constant has a value equal t o  n = 
= 3.L!+15... . If TTS is  the  t r u e  value of t h e  s o l a r  constant, then the  quantity 
S ~ , ( T ) ,  which i s  a so lu t ion  of t he  unreduced equation, Will have t h e  physical  
meaning of t h e  quantity of radiant  energy sca t te red  a t  an o p t i c a l  height T by 
uni t  volume of t he  medium i n  uni t  so l id  angle ( i n  any direct ion) .  

Formulas f o r  o ther  o p t i c a l  cha rac t e r i s t i c s  of t h e  atmosphere i n  terms of 
t h e  function cpo ( 7 )  can be found i n  t h e  specialized papers l i s t e d  i n  the  Intro- 
duction of  t h e  present book. 

Table V: Coeffi.cients.H 

Five Tables ( V . 1  - V.5) contain t h e  values of t h e  quantity H, calculated 
by eq.(II.34) o r  

H =  ____-_ q (cos <e -" sec + 2 ~ )  - 2 q M .  _ _  



The values of L and M are given i n  Table VI, while the values of /so 
cos Se'TQ'ec5 a r e  given i n  Table V I I I .  
f r o m  t h e  solutions W ( T )  and % ( T )  t o  the  solut ion ( ~ ~ ( 7 )  of the  in t eg ra l  equation 
f o r  an a rb i t r a ry  albedo. 

The coeff ic ient  H i s  used f o r  passing 

Table V I ;  ~ Integrals  L and M 
. - - - _. - 

$. Table V I  contains the  values of t he  in t eg ra l s  

i 

and 
c- 

M = 1 w (t)  E ,  (f) dt 
0 

a t  various values of the  parameters T* and 5. The coeff ic ient  H (Table V) and 
cer ta in  other op t i ca l  charac te r i s t ics  of t h e  atmosphere a re  expressed i n  terms 
of these integrals .  

Table V I I ;  Solution of the  In tegra l  Equation of t he  Theory of 
- Z i Z a t  . - _- t<Zing 

This Table, comprising 20 subtables corresponding t o  various combinations 
of 7% and 5, contains the  solutions of the  in t eg ra l  equation (11.32) a t  t h e  
following values of the  albedo of t he  earth's surface: 

.~ . 

q = 0.1; 0.2; 0.3; 0.8. 

The f i r s t  th ree  of these values are f o r  summer conditions, while the  
fourth i s  f o r  winter (0.8 i s  the albedo of snow). 

The calculations were performed by means of t he  formula 

while t h e  values of rp,(~),  H, and W ( T )  were taken, 
V, and 111. For convenience of comparison, the  

, from Tables I V ,  
are repeated i n  

i t h e  f i r s t  column of the  Tables. The solut ion (pq('r) f o r  any value of q not  
coTrered by the Table i s  readi ly  obtained by means of the  above formula and 
Tables 111 - V. 

Table V I I I ;  Illumination of the Earth's Surface by _ -  Direct Solar Radiation 
- - 

cos c e - ~ *  see F The quantity 9 
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whose d u e s  a t  various values of  5 (zeni th  dis tance of  t h e  sun) and of T++ 
( o p t i c a l  thickness of t h e  atmosphere) are given i n  this Table, represents t h e  
luminous flux incident  on t h e  earth 's  surface when t h e  upper boundary of t h e  
atmosphere i s  il luminated by a p a r a l l e l  beam making an angle 5 with t h e  v e r t i c a l  
and having a luminous i n t e n s i t y  of unity. 
s t an t ,  then t h e  luminous flux incident  on t h e  ear th 's  surface Will. have t h e  
value: 

& 
If rrS i s  t h e  value of t h e  s o l a r  con- 

Table M: Total I l lumination of  t h e  Earth's Surface 

T h i s  Table gives t h e  values of t h e  quantity 

5' 

cos Ce-'* + 2 1 'pq (t)  E, ( t )  d t  = cos <e-' s e c 5  + 2 ( L  + H M )  = 
0 

+ 2L H cos I ;~-T* sec c - _ -  . - - 
1-22gM 4 '  

which physically expresses t h e  t o t a l  i l lumination of  t h e  Earth's surface (by 
d i r e c t  and scat tered l i g h t )  f o r  a s o l a r  constant of Unity. 
s t a n t  i s  rrS, then t h e  above expression must be mult ipl ied by nS. 
i l luminat ion by sca t te red  l i g h t  alone, it i s  su f f i c i en t  t o  subtract  t h e  quanti- 

t y  cos 6e -T3bec from t h e  tabular  value ( f o r  given 735  and 5).  

If the  so l a r  con- 
To f ind  t h e  

Table X; Approximate Solutions of Schwarzschild and Eddington - - -  

Tables X . l  - X.20  contain a comparison of t he  approximate solut ions of 
Schwarzschild (IV.18) and Eddington ( I V . 3 4 )  f o r  t h e  case q = 0, with the  soh- 
t i o n  of t he  in t eg ra l  equation (11.33). 

Column T gives t h e  solut ion of t h e  i n t e g r a l  equation, column Sch t h e  solu- 
t i o n  according t o  Schwarzschild, and column E t h e  solut ion according t o  Edding- 
ton. 
consideration, calculated by t h e  formula 

Column I gives t h e  so lu t ion  when only s ingle  sca t t e r ing  i s  taken i n t o  

Table X I ;  Approximate Solution According t o  Chandrasekhar 

Tables X I . 1  - X I . 3  contain a comparison of t he  solut ion of t he  auxi l ia ry  
i n t e g r a l  equation (11.34) with t h e  approximate solut ions of t h e  problem by the  
Chandrasekhar method. 
and columns Chl and C& t h e  first and second approximations according t o  
Chandrasekhar. Column Sch gives  t h e  approximate so lu t ion  according t o  Schwarz- 
schi ld ,  calculated by t h e  formula 

Column T gives t h e  solut ion of t h e  in t eg ra l  equation, 
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The .f'S.rst approximation of Chandrasekhar was calculated by eq.(V.7) and the  
second, by eq.(V.S). 

& 

Tables XI.& - XI.8 contain a similar comparison f o r  t h e  so lu t ion  of t he  
i n t e g r a l  equation (11.33) c p o ( ~ ) ,  which i s  repeated i n  column T. 

me first approximation of Chandrasekhar, calculated by eq. (V.17), is 
given i n  column Chl, and the  second approximation, calculated by eq.(V.21), i n  
column CkQ. 

Table XII; Haze Factors G(T, 8 )  
-~ - -. . . . - . - - - _- . - 

Tables XII.1 - XII.20 give the  absolute haze f ac to r s  as functions of t h e  
arguments T and 8 a t  an albedo of q = 0 of the  earth 's  surface,  calculated on 
the bas i s  of eq.(VI.12) ( a  white object against  a black background). 

Equation (VI.l-4) can be used f o r  t r ans i t i on  t o  t h e  case of an a r b i t r a r y  
albedo of the  earth 's  surface. 
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TABU 11.2 

h = 0.02 
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0.1630 

0.1686 

0.1744 

0.1803 

0.1863 

0.1923 

0.1985 

0.2048 

0.2112 

0 16 

0.17 

0: 18 

0.19 

0.20 

0.21 

0.22 

0.23 

0.24 

0.25 

0.26 

0.27 

0.28 

0.29 

0.30 

0.3274 

0.3300 

0.3323 

0.3345 

0.3365 

0.3383 

0.3398 

0.3411 

0.3421 

0.3427 

0.3430 

0.3429, 

0.3421 

0.3404 

0.3364 

0.3158 

0.3188 

0.3218 

0.3245 

0.3271 

0.3294 

0.3316 

0.3335 

0.3352 

0.3366 

0.3376 

0.3381 

0.3381 

0.3372 

0.3339 

0.2911 

0.2932 

0.2992 

0.3032 

0.3069 

0.3106 

0.3140 

0.3173 

0.3204 

0.3232 

0.3258 

0.3279 

0.3295 

0.3202 

0.3288 

0.2177 

0.2243 

0.2311 

0.2380 

0.2449 

0.2520 

0.2592 

0.2665 

0.2738 

0.2811 

0.2884 

0.2956 

0.3026 

0.3091 

0.3137 
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TABLE IV.3 Lz2 
SOLUTION OF THE INTEGRAL EQUATION OF THE THEORY OF LIGHT SCATTERING %(T)  

--I ~ 

0.00 0.2528 

0.02 0.2674 

0.04 0.2786 

0.06 0.2885 

0.2319 0.1915 

0.2462 0.2049 

0.2574 0.2159 

0.2676 0.2262 
4 

0.3155 

0.3502 

0.3545 

0.3580 

0.3609 

0.3630 

0.3641 

0.3638 

0.3617 

0.3516 

- .  . .  

0.3297 0.2969 0.2053 

0.3355 0.3017 0.2171 

0.3408 0.3122 0.2294 

0.3456 0.3193 0.2122 

0.3497 0.3260 0.2555 

0.3531 0.3322 0.2693 

0.3556 0.3376 0.2833 

0.3568 0.3420 0.2974 

0.3562 0.3145 0.3111 

0.3508 0.3129 0.3213 

0.0997 

0.1092 

0.1178 

0.1264 

0.1351 

0.1441 

0.1533 

0.1629 

0.1728 

0.1832 

0.1940 
I 1 

-. 

0.22 

0.24 

0.26 

0.25 

0.30 

0.32 

0.34 

0.36 

0.38 

0.40 

TABLE I V . 4  
SOLUTION OF THE INTEGRAL EQUATION OF THE: THM>RY OF LIGHT SCATTERING (PO ( T )  

0.08 

0.10 

0.12 

0.14 

0.16 

0.18 

0.20 

I 

0.2977 0.2770 0.2360 

0.3060 0.2858 0,2454 

0.3139 0.2942 0.2515 

0.3212 0.3021 0.2635 

0.3280 0.3096 0.2722 

0.3343 0.3167 0.2806 

0.3402 0.3234 0.2889 

0.00 

0.02 

0.04 

0.06 

0.05 

0.10 

0.12 

0.14 

0.16 

0.18 

0.20 

0.22 

0.0830 

0.0905 

0.0973 

0.1040 

0.1108 

0.1177 

0.1248 

0.1322 

0.1398 

0.1478 

0.1561 

0.1647 

0.1738 0.24 1 

0.26 0.3566 

0.28 0.3617 

0.30 0.3664 

0.3-3 0.3701 

0.34 0.3745 

0.36 0.3776 

0.38 0.3802 

0.40 0.3821 

0.42 0.3832 

0.44 0.3834 

0.46 0.3822 

0.48 0.3790 

0.50 0.3707 

0.3356 

0.3416 

0.3473 

0.3526 

0.3574 

0.3618 

0.3657 

0.2932 

0.3008 

0.3083 

0.3155 

0.3225 

0.3292 

0.3357 

- .. ... - . - - 

0.2472 0.2228 

0.2618 0.2367 

0.2732 0.2478 

0,2835 0.2580 

0.2929 0.2674 

0.3017 0.2763 

0.3099 , 0.2849 

0.3178 0.2931 

0.3252 0.3009 

0.3322 0.3084 

0.3389 0.3157 

0.3452 0.3226 

0.3511 0.3293 

I 

0.1771 

0.1896 

0.1999 

0.2095 

0.2187 

0.2276 

0.2363 

0.2449 

0.2532 

0.2615 

0.2696 

0.2776 

0.2855 I 

0.3690 

0.3715 

0.3731 

0.3735 

0.3720 

0.3654 

~ 0.1833 

0.1932 

0.2036 

0.2145 

0.2260 

0.2379 

0.2504 

0.2633 

0.2766 

0.2904 

0.3041 

0.3173 

0.3274 

0.3117 

0.3471 

0.3518 

0.3556 

0.3576 

0.3548 
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/60 TABLE V I I . l  
SOLUTION OF THE INTEGRAL EQUATION OF THE THEORY OF L I G H T  SCATTERING q, (7) 

.r*=0.2; c =  30" 

r 

0.00 
0.01 
0.02 
0.03 
0.04 
0.05 
O.OG 
0.07 
0.08 
0.09 
0.10 
0.11 
0.12 
0.13 
0.14 
0.15 
0.16 
0.17 
0.18 
0.19 
0.20 

"&) 

0.2611 
0.2689 
0.2748 
0.2801 
0.2848 
0.2892 
0.2933 
0.2970 
0.3005 
0.3037 
0.3067 
0.3094 
0.3119 
0.3140 
0.3159 
0.3174 
0.3185 
0.3191 
0.3191 
0.3184 
0.3153 

"0.1 

0.3093 
0.3169 
0.3208 
0.3252 
0.3291 
0.3326 
0.3359 
0.3288 
0.3415 
0.3139 
0.3461 
0.3-180 
0.3497 
0.3510 
0.3521 
0.3528 
0.3530 
0.3528 
0.3518 
0.3a02 
0.3459 

"o.2 ( Z )  

0.3589 
0.3614 
0.3683 
0.3718 
0.3747 
0.3774 
0.3798 
0.3819 
0.3838 
0.3853 
0.3867 
0.3878 
0.3887 
0.3891 
0.3894 
0.3892 
0.3886 
0.3874 
0.3856 
0.3829 
0.3775 

"0.3 (') 

0.4102 
0.4144 
0.4173 
0.4198 
0.4218 
0.4236 
0.4252 
0.4263 
0.4274 
0.4281 
0.42% 

0.4289 
0.4285 
0.4279 
0.4268 
0.4253 
0.4232 
0.4204 
0.4167 
0.4100 

0.4289 

"0.8 (=) 
- .- 

0.6928 
0.6901 
0.6874 
0.6846 
0.6815 
0.6785 
0.6750 
0.671 5. 
0.6678 
0.6638 
0.6597 
0.6552 
0.6506 
0.6155 
0.6301 
0.6342 
0.6378 
0.6206 
0.6125 
0.6031 
0.5896 

TABLE V I I . 2  
SOLUTION OF TWE INTEGRAL EQUATION OF THE THEORY OF LIGHT SCATTERING mq (7) 

7* = 0.2; r, = 45" 

r 

. . -  

0.00 
0.01 
0.02 
0.03 
0.04 
0.05 
0.06 
0.07 
0 .'08 
0.09 
0.10 
0.11 
0.12 
0.13 
0.14 
0.15 
0.16 
0.17 
0.18 
0.19 
0.20 

V d Z )  

0.2493 
0.2572 
0.2634 
0.2690 
0 2742 
0.2790 
0.2835 
0.2877 
0.2917 
0.2954 
0.2989 
0.3022 
0.3032 
0.3080 
0.3104 
0.3126 
0.3144 
0.3157 
0.3164 
0.3163 
0.3140 

"0.1 

0.2877 
0.2947 
0.3001 
0.3050 
0.3095 
0.3136 
0.3175 
0.3210 
0.3244 
0.3275 
0.3303 
0.3330 
0.3354 
0.3375 
0.3393 
0.3408 
0.3419 
0.3125 
0.3425 
0.3417 
0.3384 

61 

"0.2 ( 5 )  

0.3274 
0.3334 
0.3380 
0.3421 
0.3459 
0.3494 
0.3525 
0.3554 
0.3581 
0.3605 
0.3627 
0.3647 
0.3665 
0.3679 
0.3690 
0.3699 
0.3703 
0.3702 
0.3695 
0.3678 
0.3636 

"0.3 (') 

0.3682 
0.3732 
0.3770 
0.3805 
0.3835 
0.3862 
0.3887 
0.3909 
0.3929 
0.3946 
0.3962 
0.3975 
0.3985 
0.3993 
-0.3997 
0.3999 
0.3996 
0.3988 
0.3973 
0.3918 
0.3896 

. -~ 

"0.s 

0.5937 
0.5933 
0.5926 
0.5917 
0.5907 
0.5895 

0.5865 
0.5847 
0.5827 
0.5805 
0.5781 
0.5754 
0.5725 
0.5691 
0.5654 
0.5612 
0.5563 
0.5505 
0.5435 
0.5329 

__ ~ . .  __ 

0.5881 



TABLE v11.3 /61 SOLUTION OF THE INTEGRAL EQUATION OF THE THEORY OF LIGHT S C A T " G  oq (7) 
'F* = 0.2; < = 60' 

0.2246 
0.2328 

z 

0.00 
0.01 
0.02 
0.03 
0.04 
0.05 
0.06 
0.07 
0.08 
0.09 
0.10 
0.11 
0.12 
0.13 
0.14 
0.15 
0.16 
0.11 
0.18 
0.19 
0.20 

1 00.1 

- .- 

I 
0.2505 
0.2580 

0.2700 
0.2755 
0.2805 
0.2855 
0.2902 
0.2947 
0.2991 
0.3033 
0.3073 
0.3111 
0.3147 
0.3180 
0.3211 
0.3239 
0.3262 
0.3280 
0.3290 
0,3276 

0.2643 

- 

'oo.2 ( 7 )  

- - . 

0.2771 
0.2840 
0.2898 
0.2950 
0.3G00 
0 -3045 
0.3090 
0.3133 
0.3174 
0.3213 
0.3250 
0.3287 
0.3320 
0.3351 
0.3380 
0.3306 
0.3430 
0.3448 
0.3461 
0.3465 
0.3416 

'0.3 (') 

0.3046 
0.3109 
0.3161 
0.3208 
0.3252 
0.3293 
0.3334 
0.3372 
0.3408 
0.3442 
0.3475 
0.3507 
0.3536 
0.3562 
0.3587 
0.3608 
0.3627 
0.3640 
0.3648 
0.3647 
0.3620 

.~ - 

' 0 . 8  (') 

0.4562 
0.4589 
0.4610 
0.4628 
0.4616 
0.4660 
0.4675 
0.4688 
0.4698 
0.4707 
0.4715 
0.4722 
0.4736 
0.4727 
0.4726 
0.4721 
0.4714 
0.4699 
0.4678 
0.4647 
0.458-1 

TABU v11.4 
SOLUTION OF THE INTEGML EQUATION OF THE THEORY OF LIGHT SCATTERING coq (7) 

T* = 0.2; < = 76" 

' 
~- 

0.00 
0.01 
0.02 
0.03 
0.04 
0.05 
0.06 
0.07 
0.08 
0.09 
0.10 
0.11 
0.12 
0 .  i 3  
0.14 
0.15 
0.16 
0.17 
0.18 
0.19 
0.20 

-- -- . -. 

0.1547 
0.1630 
0.1705 
0.1777 
0.1850 
0.1921 
0.1994 
0.2067 
0.2140 
0.2215 
0.2290 
0.2366 
0.2442 
0.2520 
0.2507 
0.2675 
0.2753 
0.2829 
0.2903 
0.2973 
0.3023 

~- 

0.1654 
0.1734 
0.1807 
0.1877 
0.19t8 
0.2017 
0.2088 
0.2160 
0.2231 
0.2304 
0.2377 
0.2451 
0.2526 
0.2602 
0.2677 
0.2753 
0.2829 
0.2904 
0.2976 
0.3043 
0.3091 

vo.2 (*' 
- 

0.1764 
0.1842 
0.!912 
0.1980 
0. '049 
0.2116 
0.2186 
0.2255 
0.2324 
0.2396 
0.2467 
0.2540 
0.2612 
0.2686 
0.2760 
0.2834 
0.2908 
0.2980 
0.3050 
0.3116 
0.3161 

. . _ _  
'0.3 (" 

~ .- _ -  
0.1877 
0.1952 
0.2021 
0.2086 
0.2153 
0.2219 
0.2286 
0.2353 
0.2421 
0.2491 
0.2560 
0.2631 
0.2701 
0.2774 
0.2845 
0.2917 
0.2990 
0.3060 
0.3127 
0.3191 
0.3233 

(7) 

0.2593 
0. -3563 
0.2619 
0.2673 
0.2729 
0.2783 
0.2840 
0.2897 
0.2954 
0.3013 
0.3072 
0.3132 
0.3192 
0.3254 
0.3315 
0.3377 
0.3438 
0.3497 
0.3553 
0.3604 
0.3631 
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/62 TABLE v11.5 
SOLUTION OF THE INTEGRAL EQUATION OF THE THEORY OF LIGHT SCATTERING cpq ( T )  

.. . . 

0.00 
0.01 
0.02 
0.03 
0.04 
0.05 
0.06 
0.07 
0.08 

-~ 

r 

- 

0.00 
0.01 
0.02 
0.03 
0.04 
0.05 
0.06 
0.07 
0.08 
0.09 
0.10 
0.11 
0.12 
0.13 
0.14 
0.15 
0.16 
0.17 
0.18 
0.19 
0.20 
0.21 
0.22 
0.23 
0.24 
0.25 
0.26 
0.27 
0.28 
0.29 
0.30 

0.2410 
0.2490 
Ci. 2554 
0.2612 
0.2666 
0.2717 
0.2765 
0.2812 
0.2857 

%(T) 

_ _  ~. 

0.2577 
0.2657 
0.2720 
0.2777 
0.2828 
0.2877 
0.2923 
0.29ti7 
0.3008 
0.3018 
0.3085 
0.3121 
0.3155 
0.3187 
0.3218 
0.3247 
0.3271 
0.3300 
0.3324 
0.3345 
0.3365 
0.3383 
0.3398 
0.3111 
0.3421 
0.3427 
0.3420 
0.3429 
0.3421 
0.3401 
0.3364 

90.1 (T) 

0.3060 
0.3130 
0.3185 
0 :3234 
0.3278 
0.3320 
0.3358 
0.3395 
0.3420 
0.3463 
0.3494 
0.3523 
0.3550 
0.3576 
0.3600 
0.3623 

0.3663 
0.3681 
0.3696 
0.3709 
0.3720 
0.3729 
0.3735 
0.3738 
0.3738 
0.3734 
0.3724 
0.3709 
0.3684 
0.3633 

0.3644 

Qo.2 (T) 

0.3564 
0.3624 
0.3670 
0.3711 
0.3796 
0.3827 
0.3813 
0.3513 
0.3870 
0.3596 
0.3920 
0.3913 
0.3963 
0.3982 
0.4000 
0.4016 
0.4030 
0.4042 
0.40% 
0.4061 
0.4067 
0.4072 
0.4074 
0.4073 
0.4069 
0.4061 
0.4050 
0.4039 
0.4019 
0.3976 
0.3914 

'0.3 

0.4090 
0.4139 
0.4176 
0.4208 
0.4237 
0.4263 
0.4287 
0.4309 
0.4329 
0.4348 
0.4365 
0.43SO 
0.4394 
0.4406 

0.4426 
0.4433 
0.4438 
0.4142 
0.4413 
0.4442 
0.4440 
0.4434 
0.4426 
0.4414 
0.4399 
0.4380 
0.4355 
0.4323 
0.4280 
0.4208 

0.4-1 I7 

-- 

90.8 ( T I  
- -- 

0.7110 
0.7098 
0.7082 
0.7066 
0.70-l8 
0.7030 
0.7010 
0.6990 
0 ,6968 
0.6945 
0.6921 
0.6895 
0.6868 
0.6840 
0.6810 
0.6779 
0.6736 
0.6711 
0.6675 
0.6635 
0.6594 
0.6550 
0.6502 
0.6452 
0 .  ti398 
0.6339 
0.6275 
0.6204 
0.6123 
0.6028 
0.5893 

SOLUTION OF THE INTFGRAL EQUATION OF THE THEDRY OF LIGHT SCATTERING (pQ ( T )  

-c* = 0.3; t: = 45" 

Po,, ( T )  

. . .  

0.2792 
0.2861 
0.2921 
0.2973 
0.3021 
0.3065 
0.3110 
0.3151 
0.3190 

0.3190 
0.3254 
0.3304 
0.3350 
0.3392 
0.3491 
0.3468 
0.3504 
0.3538 

i 
90.3 ( 7 )  

0.3606 
0.3661 
0.3704 
0.3743 
0.3778 
0.3812 
0.3843 
0.3873 
0.3901 

-__ 

Q0.* ( 5 )  

0.5993 
0.5998 
o.coo1 
0.6001 
0.6000 
0.5998 
0.5995 
0.5991 
0.5985 
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TABLE V I I . 6  (Conttd) 
c__- 

T - 
0.09 
0.10 
0.11 
0.12 
0.13 
0.14 
0.15 
0.16 
0.17 
0.18 
0.19 
0.20 
0.21 
0.22 
0.23 
0.24 
0.25 

0.27 
0.28 
0.29 
0.30 

0 8 6  

_. . 

d.7 1 
_ _  

0.2900 
0.2941 
0.2380 
0.m19 
0.2056 
0 3 0 9  1 
0.3126 
0.3158 
0.3188 
0.3218 
0.8245 
0 3 2 7 1  
0.3294 
0.3316 
0.3335 
0.3352 
0.3366 
0 -3376 
0.3281 
0.%81 
0.3372 
0.3359 

'0.1 (Tf 

0.3228 
0.3264 
0.3298 
0.3332 
0.3364 
0.3394 
0.3423 
0.3450 
0.3476 
0.3500 
0.3522 
0.3542 
0.3561 
0.3578 
0.3592 
0.3603 
0.3611 
0.3615 
0.3615 
0.3608 
0.3593 
0.3652 

90.2 

0.8570 
0.3601 
0.3630 
0.3658 
0.3684 
0.3709 
0.3733 
0.3755 
0.3775 
0.3794 
0.381 1 
0.3826 
0.3839 
0.3850 
0.3859 
0.3864 
0.3866 
0.3865 
0.3859 
0.3846 
0.3823 
0.3774 

. _ _  

9 0 . 3 ( = )  

0.3927 
0.3952 
0.3976 
0.5998 
0.4019 
0.4039 
0.4057 
0.4073 
0.4088 
0.4101 
0.4113 
0.4122 
0.4130 
0.4135 
0.4137 
0.4137 
0.4133 
0.4126 
0.4113 
0.4091 
0.4061 
0.4006 

'0.8 

0.5979 
0.5972 
0.5963 
0.5953 
0.5942 
0.5930 
0.5917 
0.5901 
0.5884 
0.5865 
0.5845 
0.5822 
0.5797 
0.5769 
0.5738 
0.5704 
0.5666 
0.5623 
0.5574 
0.5516 

0.5338 
0.54-35 

TABLE v11.7 
SOLUTION OF TH% INTEGRAL EQUATION OF THE THEDRY OF L I G H T  SCATTEEING mq (T)  

T* = 0.3; < = 60" 

T 

_ _ -  

0.00 
0.01 
0.02 
0.03 
0.04 
0.05 
0.06 
0.07 
0.08 
0.09 
0.10 
0.11 
0.12 
0. I3 
0.14 
0.15 
0.16 
0.17 
0.18 
0.19 

0.2075 
0.2'153 
O.Ml8 
0.2578 
0.2334 
0.2390 
0.2443 
0.2494 
0.2515 
0.2*594 
0.2642 
0.26.89 
0.2736 
0.2iSO 
0.2*95 
0. -3SGS 
0.2911 
0.2952 
0.2992 
0.3032 

'0.1 (?) 

0.2327 
0.2400 
0.2460 
0.2516 
0.2565 
0.2620 
0.2670 
0.2718 
0.2765 
0.2810 
0.2855 
0.2899 
0.2942 
0.2983 
0.3021 
0.30G4 
0.3103 
0.3142 
0.3178 
0.3214 

"0.2 (T) 

0.2589 
0.2657 
0.2712 
0.2764 
0.2813 
0.28GO 
0.2906 
0.2950 
0.2994 
0.3036 
0.3077 
0.3117 
0.3157 
0.3195 
0.3233 
0.3269 
0.3304 
0.3339 
0.3372 
0.3405 

'0.3 (') 

0.2863 
0.2925 
0.2976 
0.3024 
0.3068 
0.3112 
0.3153 
0.3194 
0.3234 
0.3371 
0.3309 
0.3346 
0.3381 
0.3416 
0.3450 
0.3482 
0.3314 
0.3545 
0.3575 
0.3604 

Po.* ( 7 )  

0.4438 
0.4167 
0.4490 
0.4512 
0.4533 
0,4553 
0.4572 
0.4590 
0.  4605 
0.4624 
0.4641 
0.4656 
0.4671 
0.4683 
0.4697 
0.4709 
0.4720 
0.4720 
0.4738 
0.4716 
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TABLE VII.7 (Conttd) 

I 

0.20 
0.21 
0.32 
0.23 
0.24 
0.25 
0.26 
0.27 
0.28 
0.29 
0.30 

0.2159 
0.2204 
0.2346 
0.2286 
0.2328 
0.2369 
0.2412 
0.2455 
0.2499 
0.2544 
0.2590 
0.2637 
0.2685 
0.2735 
0.2785 
0.2837 
0.2889 
0.2943 
0.2998 
0.3056 
0.3112 
0.3170 
0.3229 
0.3289 
0.3349 
0.3408 
0.3468 
0.3526 
0.3581 
0.3629 
0.3656 

0.3069 
0.3106 
0.3140 
0.3173 
0.3'04 
0.3232 
0.3259 
0.3279 
0.3295 
0.3302 
0.3288 

0.3248 
0.3282 
0.3313 
0.3342 
0.3370 
0.3394 
0.3416 
0.3433 
0.3445 
0.3448 
0.3428 

0.3436 
0.34f5 
0.3493 
0.3518 
0.3542 
0.3563 
0.3550 
0.3594 
0.3602 
0.3602 
0.3574 

0.3631 
0.3656 
0.3680 
0.3702 
0.3722 
0.5738 
0.3752 
0.3762 
0.3765 
0.3759 
0.3727 

'pO.8 

0.4752 
0.4756 
0.4758 
0.4758 
0.4755 
C. 4750 
0.4740 
0.4725 
0.4703 
0.4670 
0.4605 

T A B U  VII.8 
SOLUTION OF THE INTEGRAL EQUATION OF THE THEDRY OF LIGHT SCATTERING mp (7) 

T* = 0.3; 76" 

0.00 
0.01 
0.02 
0.03 
0.04 
0.05 
0.06 
0.07 
0.08 
0.09 
0.10 
0.11 
0.12 
0.13 
0.14 
0.15 
0.16 
0.17 
G.18 
0.19 
0.20 
0.21 
0.22 
0.23 
0.24 
0.25 
0.26 
50.27 
0.28 
0.29 
*O. 30 

0.1229 
0.1293 
0.1350 
0.1406 
0.1462 
0.1517 
0.1573 
0.1630 
0.1686 
0.1744 
0.1803 
0.1863 
0.19'3 
0.1985 
0.2048 
0.2112 
0.2177 
0.2243 
0.2311 

0.2449 
0.2520 
0.2592 
0.2665 
0.2738 
0.2811 
0.2884 
0.2956 
0.3026 
0.3091 
0.3137 

0,2380 

0.1328 
0.1390 
0.1446 
0.1500 
0 . 1 3 4  
0.1608 
0.1662 
0.1718 
0.1773 
0.1830 
0. I870 
0.1945 
0.2004 
0.2065 
0.2127 
0.2189 
0.2253 
0.2318 
0.2384 
0.2452 
0.2520 
0.2589 
0.2660 
0.2731 
0.2803 
,O .2875 
0.2946 
0.3017 
0.3086 
0.3148 
0.3192 

0.1431 
0.1492 
0.1545 
0. I598 
0.1650 
0.1703 
0.1756 
0 .  1809 
0.1863 
0.1918 
0.1974 
0.2031 
0 2089 
0.2148 
0.2208 
0.2270 
0.2332 
0.2336 
0.2460 
0.2526 
0.2594 
0. a662 
0.2730 
0. 'SO0 
0.2571 
0.2941 
0.3011 
0.3080 
0.3147 
0.3238 
0.3250 

"0.3 (" 

. . -  

0.1559 
0.1597 
0.1649 
0.  I7CO 
0.1751 
0.1802 
0.1853 
0.1905 
0.1937 
0.2011 
0 . 2 0 3  
0.2121 
0.2178 
0.2235 
0.2294 
0.2354 
0.2415 
0.2477 
0.2540 
0.2605 
0.2670 
0.2737 
0.2804 
0.2873 
0.2942 
0.3010 
0.3079 
0.3146 
0.3212 
0,3271 
0.3310 
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~ 

0.00 0.2528 0.3008 
0.02 0.2674 0.3138 
0.04 0.2786 0.3237 
0.06 0.2885 0.3323 
0.08 0.2977 0.3403 
0.10 0.3061 0.3476 
0.12 0.3139 0.3543 
0.14 0.3212 0.3605 
0.16 0.3280 0.3662 
0.18 0.3343 0.3714 
0.20 0.3402 0.3762 
0.22 0.3455 0.3804 
0.24 0.3502 0.3830 
0.26 0.3545 0.3872 
0.28 0.3580 0.3896 
0.30 0.3609 0.3914 
0.32 0.3630 0.3924 

0.36 0.3639 0.3909 
0.38 0.3617 0.3873 

0.31 0.3641 0.3923 

66 

- - -  .. 

0.4048 0.7228 0.3514 
0.3627 0.4142 0.7215 
0.3711 0.4212 0.7197 
0.3785 0.4272 0.7175 
0.3853 0.4327 0.7151 
0.3913 0.4375 0.7123 
0.3968 0.4417 0.7091 
0.4019 0.4455 0.7056 
0.4064 0.4-188 0.7017 
0.4105 0.4517 0.6974 
0.4142 0.4542 0.6927 
0.4172 0.4561 0.6874 
0.4197 0.4573 0.6815 
0.4218 0.4582 0.6751 
0.4230 0.4582 0.6678 
0.4236 0.4375 0.6597 
0.4233 0.4560 0.6506 

0.4193 0.4492 0.6278 
0.4143 0.4428 0.6126 

0.4220 0.4533 0.6-101 

0.40 0.3546 0.3786 I 0.4039 0.4306 1 0.5896 

. -~ ~ ~ ~- ~ ~~. . .__ 

7 1 P D . ( ~ )  1 '0.1 ('I 1 '0.2 1 '0.3 (') 

- __ .. -_____ 

0.00 0.2319 0.2695 0.3091 0.3509 
0.02 0.2362 0.2825 0.3208 0.3612 
0.04 0.2574 0.2927 0.3299 0.3691 
0.06 0.2676 0.3019 0.3381 0.3763 
0.08 0.2770 0.3104 0.3456 0.3827 
0.10 0.2858 0.3183 0.3525 0.3887 
0.12 0.2942 0.3258 0.3591 0.3943 
0.14 0.3021 0.3329 0.3653 0.3995 
0.16 0.3096 0.3395 0.3710 0.4043 
0.18 0.3167 0.3155 0.3764 0.4087 
0.20 0.3234 0.3516 0.3813 0.4127 
0.22 0.3297 0.3571 0.3859 0.4163 
0.24 0.3355 0.3620 0.3899 0.4194 
0.26 0.3408 0.3655 0.3935 0.4220 

0.4241 0.28 0.3456 0.3704 0.3965 
0.30 0.3497 0.3736 0.39% 0.4254 
0.32 0.3531 0.3761 0.4004 0.4259 
0,. 34 0.3556 0.3777 0.401 0 0.4255 
0.36 0.3568 0.3779 0. '1002 0.4237 
0.38 0.3562 0.3763 0.3971 0.4198 ! 

. . . .  - 

QO.8 ( K )  

- .  

0.6000 
0.6019 
0.6029 
0.6036 
0.6040 
0.6040 
0.6038 
0.6032 
0.6023 
0.6011 
0.5995 
0.5975 
0.5950 
0.5919 
0.5883 
0.5838 
0.5781 
0.5718 
0 S635 
0.5527 

0.40 0.3505 0.3696 0.389.1 0.4103 I 0.5349 



TABU3 VII.11 /66 
SOLUTION OF THE I " M L  EQUATION OF THE THEDRY OF LIGHT SCATTERING mq ( T )  

T* = 0.4; < = 60" 

0.00 
0.02 
0.04 
0.06 
0.08 
0.10 
0.12 
0.14 
0.16 
0.18 
0.20 
0.22 
0.24 
0.25 
0.28 
0.30 
0.32 
0.34 
0.36 
0.38 
0.40 

. -. 

%IT)  

-. 

0.1915 
0.2049 
0.2159 
0.2262 
0.2360 
0.2454 
0.2545 
0.2635 
0.2722 
0.2806 
0.2889 
0.2969 
0.3047 
0.3122 
0.3193 
0.3260 
0.3322 
0.3376 
0.3420 

0.3429 
0.3-l4S 

'(), (7) 

0.2159 

0.2388 
0: 2489 
0.2577 
0.2665 
0.2750 
0.2835 
0.2916 
0.2994 
0.3072 
0.3146 
0.3219 
0.3288 
0.3354 
0.3416 
0.3471 
0.3519 
0.3557 
0.3575 
0.3551 

0.2285 

90.2 (+) 

0.2116 
0.2633 
0.2629 
0.2719 
0.2805 
0.2887 
0.2966 
0.3045 
0.3120 
0.3193 
0.3265 
0.3333 
0.3100 
0.3452 
0.3523 
0.3578 
0.3628 
0.3670 
0.3702 
0.3715 
0.3679 

'0.3 

0.2687 
0.2793 
0.2884 
0.2967 
0.3046 
0.3121 
0.3191 
0.3266 
0.3336 
0.3402 
0.3468 
0.3;31 
0.3591 
0.3649 
0.3702 
0.3751 
0.3794 
0.3829 

0.3860 
0.3815 

0.385-1 

'p0.* ( 5 )  

_ _  ~ _ _ _  

0.4303 
0.4356 
0.4400 

0.4480 
0.4518 
0.4553 
0.4588 
0.4620 
0.4650 
0.4680 
0.4706 
0.4730 
0.4751 
0.4767 
0.4778 
0.4783 
0.4778 
0.4761 
0.4723 
0.4623 

0.4441 

TABU vIr.12 
SOLUTION OF THE INTEGRAL EQUATION OF THE THM>RY OF L I G H T  SCATTERING mQ ( T )  

- 

T 

- 

0.00 
0.02 
0.04 
0.06 
0.05 
0.10 
0.12 
0.14 
0.16 
0.18 
0.20 
0.22 
0.24 
0.26 
0.28 
0.30 
0.32 
0.34 
0.36 
0.38 
0.40 

._ .. ~- 

Cd+) 
__  - .- 

0.0997 
0.1092 
0.1178 
0.1264 
0.1351 
0.1441 
0.1533 
0.1629 
0.1728 
0.1832 
0.1940 
0.2053 
0.2171 
0.2291 
0.2422 
0.2555 
0.2692 
0.2833 
0.2974 
0.3111 
0.3215 

. .. 

'po.1 (+) 
. -  

0.1090 
0.1182 
0.1365 
0.1349 
0.1434 
0.1521 
0.1611 
0.1705 
0.1802 
0.1904 

0.2121 
0.2237 
0.2357 
0.2483 
0.2614 
0.2749 
0.2888 
0.3026 
0.3161 
0.3262 

0:2010 

. -  
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'po.2 (+) 

0.1188 
0.1277 
0.1357 
0.1438 
0.1521 
0.1606 
0.1694 
0.1785 
0.1880 
0.1980 
0.2083 
0.2192 
0.2306 
0.2424 
0.2547 
0.2676 
0.2809 
0.29-45 
0.3081 
0.3213 
0.3311 

90,3 ( 7 )  

0.1291 
0.1376 
0.1454 
0.1533 
0.1612 
0.1695 
0.1781 
0.1870 
0. I962 
0.2059 
0.2161 
0. ?267 
0.2579 
0.2193 
0.2616 
0.2752 
0.2872 
0.3006 
0.3139 
0.3268 
0.3362 

~ ~ _ _  

F0.8 
~. .- 

0.1907 
0.1972 
0.2032 
0.2095 
0.2159 
0.2228 
0.2?98 
0.2374 
0.2452 
0.2535 
0.2623 
0.2715 
0.2813 
0.2915 
0.3022 
0.3134 
0.3249 
0.3368 
0.3485 
0.3597 
0.3670 



TABU v11.13 /67 
SOLUTION OF THE INTEERAL EQUATION OF THE: THEDRY OF L I G H T  SCATTERING CP, (7) 

T* r= 0.5; < = 30" 
-- 

T 

0.00 
0.02 
0.04 
0.06 
0.08 
0.10 
0.12 
0.14 
0.16 
0.18 
0.20 
0.22 
0.24 
0.26 
0.28 
0.30 
0.32 
0.34 
0.36 
0.38 
0.40 
0.42 
0.41 
0.46 
0.48 
0.50 

~~ 

o.(r) 
- 

0.2472 
0.2619 
0.2733 
0.2835 
0.2929 
0.2017 
0.3099 
0.3178 
0.3252 
0.3322 
0.3389 
0.3452 
0.3511 
0.3560 
0.3617 
0.3664 
0.3707 
0.3745 
0.3776 
0.3802 
0.3821 
0.3832 
0.3S31 
0.2822 
0.3790 
0.3707 

I '0.1 (T) 

0.2946 
0.3079 
0.3181 
0.3272 
0.3356 
0.3433 
0.3506 
0.3575 
0.3639 
0.3700 
0.3757 
0.3790 
0.3840 
0.3887 
0.3929 
0.3969 
0.4001 
0.4030 
0.3052 
0.4069 
0.4079 
0.4080 
0.4072 
0.4050 
0.4007 
0.3910 

.- .. - . .. . 

'0.2 
. .  

0.3450 
0.3568 
0.3657 
0.3737 
0.3809 
0.3876 
0.3938 
0.3997 
0,4051 
0.4101 
0.4149 
0.4193 
0.4232 
0.4268 
0.4300 
0.4328 
0.4351 
0.4370 
0.4381 
0.4387 
0.4385 
0.4376 
0.4356 
0.4321 
0.4265 
0.4152 

'0.3 ('I 
. . .  - 

0.3987 
0.4088 
0.4164 
0.4231 
0.4292 
0.4347 
0.4398 
0.4446 
0.4489 
0.4529 
0.4566 
0.4599 
0.4628 
0.4653 
0.4675 
0.4592 
0.5705 
0.4713 
0.4713 
0.470s 
0.4695 
0.4674 
0.4642 
0.4595 
0.4526 
0.4396 

- .  . .__ . 

'0.8 

0.7296 
0.7296 
0.7290 
0.7280 
0.7268 
0.7253 
0.7234 
0.7214 
0.7191 
0.7164 
0.7136 
0.7104 
0.5068 
0.7028 
0.6984 
0.6935 
0.6883 
0.6825 
0.6759 
0 .  6GS6 
0.6604 
0.6512 
0.6-108 
0.628-1 
0.6132 
0.5901 

TABLE V I 1 . a  
SOLUTION OF THE INTEGRAL EQUATION OF THE T W R Y  OF L I G H T  SCATTERING cps (-r ) 

T* = 0.5; < = 45" 

T 

0.00 
0.02 
0.04 
0.06 
0.08 
0.10 
0.12 
0.14 
0.16 
0.18 
0.20 

@a(:) 

~ ~~~ 

0.2228 
0.2267 
0.2479 
0.2580 
0.2674 
0.2763 
0.2849 
0.2931 
0.3009 
0.3085 
0.3157 

! 
- __-- 

(T i )  

. .  . 

0.2596 
0.2724 
0.2827 
0.2919 
0.3005 
0.3086 
0.3165 
0.3239 
0.3310 
0.3378 
0.3413 

. . - .. .- -. 

90.2 
-. . _ _  

0.2988 
0.3101 
0.3197 
0.3280 
0.3357 
0.3430 
0.3501) 
0.3567 
0.3629 
0.3690 
0.3747 
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0.3405 
0.350s 
0.3591 
0.3664 
0.3732 
0.3'796 
0.3851 
0.3916 
0.3970 
0.4022 
0.4071 

( 7 )  

. . . -  

0.5974 
0.5999 
0.6018 
0. 6032 
0.6043 
0.6052 
0.6060 
0.60G5 
0.606s 
0.6069 
0.6067 



0.22 
0.24 
0.26 
0.28 
0.30 
0.32 
0.34 
0.36 
0.3s 
0.40 
0.42 
0.44 
0.45 
0 .48 
0.50 

T* = 0.5;  < = 60" 

- .~ 
I 

0.3226 0.3505 0.3801 0.4117 0. 6062 
0.3293 0.3565 0.3853 0.4161 0.6055 
0 -3356 0.3610 0.3901 0.4200 0.6044 
0.3416 0.3673 0.3946 0.4237 0.6031 
0.3473 0.3723 0.39S8 0.4271 0.6014 
0.3586 0.3769 0.4026 0.4301 0.5993 
0.3574 0.3809 0.4059 0.4323 0.5966 
0.3618 0,2846 0.4088 0.4346 0.5934 
0.3557 0.3877 0.4111 0.4360 0.5896 
0.3690 0,3903 0.4128 0.4369 0.5851 
0.3715 0,3920 0.4137 0.4369 0.5796 
0.3731 0.3928 0.41:6 0.4359 0.5729 
0.3735 0.3923 0.4123 0.4336 0.5647 
0.3720 0.3899 0.40S9 0.4291 0.5538 
0.3654 0.3822 0.4000 0.4189 0.5358 

0.00 
0: 02 
0.04 
0.06 
0.08 
0.10 
0.12 
0.14 
0.16 
0.18 
0.20 
0.22 
0.24 
0.26 
0.28 
0.30 
0.32 
0.34 
0.36 
0.38 
0.40 
0.42 
0.44 
0.46 
0.48 
0.50 

0.1771 
0.1896 
0.1999 
0.2095 
0.2187 
0.2276 
0.2363 
0.2449 
0.2532 
0.2615 
0.2696 
0.2776 
0.2855 
0.2932 
0.3008 
0.3083 
0.3155 
0.3225 
0.3292 
0.3357 
0.3417 
0.3471 
0.3518 
0.3556 
0.3576 
0.3548 

0.2007 
0.2124 
0.2221 
0 . 2 j  12 
0.2399 
0.2483 
0.2565 
0.2616 
0.2725 
0.2s02 
0.2879 
0.2951 
0.3029 
0.3102 
0.3173 
0.3243 
0.3310 
0.3376 
0.3438 
0.349s 
0.3553 
0.3602 
0.3614 
0.3676 
0.3690 
0.3645 

0.2257 
0.2367 
0.2458 
0.2543 
0.2624 
0.2703 
0.2780 
0.2835 
0.2929 
0.3002 
0.3074 
0.3144 
0.3213 
0.3282 
0.3348 
0.3412 
0.3475 
0.3536 
0.2593 
0.3617 
0.3697 
0.37-1 1 
0.3778 
0.3804 
0.3812 
0.3769 

0.2524 
0.2626 
0.2710 
0.2789 
0.2864 
0.2937 
0.3009 
0.3079 
0.3147 
0.3211 
0.3281 
0.3346 
0.3410 
0.3173 
0.3534 
0.3593 
0.3651 
0.3706 
0.37.58 
0.3807 
0.3851 
0.3890 
0.3920 
0.3940 
0.3941 
0.3891 

0.4168 
0.4220 
0.4263 
0.4304 
0.4343 
0.4981 
0.4418 
0.4454 
0.4490 
0.4524 
0.4558 
0.4591 
0.4622 
0.4653 
0.4682 
0.4709 
0.4734 
0.4756 
0.4775 
0.4790 
0.4800 
0.4803 
0.4797 
0.4779 
0.4739 
0.4638 
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TABLE V I I . 1 6  /69 
SOLUTION OF THE INTEGRAL EQUATION OF THE THEDRY OF LIGHT SCATTERING cpq ( T )  

T* = 0.5; < = 76" 

T 

0.00 
0.02 
0.04 
0.06 
0.08 
0.10 
0.12 
0.14 
0.16 
0.18 
0.20 
0.22 
0.24 
0.26 
0.28 
0.30 
0.32 
0.34 
0.36 
0.38 
0;40 
0.42 
0.44 
0.46 
0.48 
0.50 

0.0830 
0.0905 
0.0973 
0.1040 
0.1108 
0.1177 
0.1248 
0.1322 
0.1398 
0.1478 
0.1561 
0.1647 
0.1738 
0.1833 
0.1932 
0.2036 
0.2145 
0.2260 
0.2379 
0.2504 
0.2633 
0.2766 
0.2904 
0.3041 
0.3174 
0.3274 

... 

.- 

90.1 (:I 
. .- 

0.0918 
0.0990 
0.1056 
0.1121 
0.1187 
0.1254 
0.1323 
0.1395 
0.1470 
0.1548 
0.1629 
0.1714 
0.1803 
0.1896 
0.1994 
0.2096 
0.2203 
0.2316 
0.2433 

0.2684 
0.2815 
0.2950 
0.3086 
0.3217 
0.3314 

0.2556 

~-.. . . 

0.1011 
0.1081 
0.1144 
0.1207 
0.1271 
0.1336 
0.1403 
0.1473 
0.1546 
0.1622 
0.1702 
0.1784 
0.1872 
0.1963 
0.2059 
0.2150 
0.2269 
0.2375 
0.2491 
0.2612 
0.2738 
0.2867 
0.3000 
0.3134 
0.3262 
0.3357 

0.1111 
0.1178 
0.1238 
0.1299 
0.1360 
0.1423 
0.1389 
0.1557 
0.1628 
0.1701 
0.1779 
0.1860 
0.1945 
0.2034 
0.2128 
0.2227 
0.2330 
0.2439 
0.2552 
0.2671 
0.2795 
0.2922 
0.3053 
0.3184 
0.3311 
0.3402 

__ -  -. .. - 

'0.8 ('I 
.- 

0.1724 
0.1772 
0.1818 
0.1864 
0.1912 
0.1962 
0.2014 
0.2070 
0.212s 
0.2190 
0.2255 
0.2324 
0.2397 
0.2474 
0.2556 
0.2G.13 
0.2731 
0.2330 
0.2932 
0.3024 
0.3149 
0.3263 
0.3381 
0.3498 
0.3608 
0.3681 

TABLE v11.17 
SOLUTION OF THE INTEGRAL EQUATION OF THE THEXIRY OF LIGHT SCATTERING cpq ( T )  

7 

0.00 
0.02 
0.04 
0.06 
0.08 
0.10 
0.12 
0.14 
0.16 
0.18 

_ _  -_ 

90(') 
-- . 

0.2411 
0. ,2556 
0.2670 
0.2773 
0.2869 
0.2958 
0.3044 
0.3125 
0.3202 
0.3277 

T* = 0.6; < = 30" 
. .  

'0.1 
. -  . 

0.2878 
0.3010 
0.3113 
0.3206 
0.3293 
0.3373 
0.3450 
0.3522 
0.3591 
0.3657 

- -  . . 

0.3378 
0.3496 
0.3588 
0.3670 
0.3747 
0.3817 
0.3855 
0.39-1'8 
0.4007 
0.4065 

70 

'0 .3  ('I 

0.3915 
0.4018 
0.4097 
0.4169 
0.4235 
0.4294 
0.4352 
0.4405 

0.4502 
0.4-154 

~. 1 90.8 (') 
. .~ 

0.7330 
0.7338 
0.7340 
0.7339 
0.7336 
0.7329 
0.7322 
0.7312 
0.7299 
0.7285 



._ . .. 

4 
0.20 
0.22 
0.24 
0.26 
0.28 
0.30 
0.32 
0.34 
0.36 
0.38 
0.40 
0.42 
0.44 
0.46 
0.48 
0.50 
0.52 
0.54 
0.56 
0.58 
0.60 

Po( .c ) 

0.3348 
0.3417 
0.3482 
0.3544 
0.3603 
0.3659 
0.3712 
0.3762 
0.3808 
0.3851 
0.3889 
0.3923 
0.3953 
0.3977 
0.3995 
0.4007 
0.4010 
0.4003 
0.3983 
0.3932 
0.3849 

'0.1 ('1 

0.3720 
0.3781 
0.3837 
0.3891 
.O. 3942 
0.3990 
0.4035 
0.4077 
0.4112 
0.4149 
0.4179 
0.4205 
0.4226 
0.4242 
0.4251 
0.4254 
0.4248 
0.4232 
0.4202 
0.4150 
0.4044 

'0 .2  (') 

0.4118 
0.4170 
0.4218 
0.1263 
0.4305 
0.4345 
0.4381 
0.4414 
0.4443 
0.4469 
0.4490 
0.450G 
0.4519 
0.4525 
0.4525 
0.4519 
0.4503 
0.4477 
0.4436 
0.4373 
0.4253 

'0.3 (') 

0.4546 
0.4589 
0.4627 
0.4663 
0.4696 
0.4725 
0.4752 
0.4776 
0.4795 
0.4812 
0.4823 
0.4830 
0.4833 
0.4829 
0.4820 
0.4803 
0.4777 
0.4740 
0.4688 
0.4613 
0.4478 

'0.8 (') 
-~ 

0.7268 
0.7250 
0.7228 
0.7204 
0.7177 
0.7147 
0.7114 
0.7078 
0.7038 
0.6994 
0.6945 
0.6891 
0.6832 
0.6766 
0.6693 
0.6612 
0.6519 
0.6413 
0.6289 
0.6136 
0.5906 

TABLE V I I . 1 8  
SOLUTION OF THE INTEGRAL EQUATION OF THE THEDRY OF L I G H T  SCATTETX"  mq (7) 

T 

- . -  

0.00 
0.02 
0.04 
0.06 
0.08 
0.10 
0.12 
0.14 
0.16 
0.18 
0.20 
0.22 
0.24 
0.26 

. .  . 

P , ( T )  

0.2136 
0.2272 
0.2381 
0.2480 
0.2574 
0.2662 
0.2747 
0.2830 
0.2909 
0.2986 
0.3060 
0.3132 
0.3202 
0.3270 

. . -  

I 
T* = 0.6 

90.1 

0.2496 
0.2622 
0.2723 
0.2814 
0.2901 
0.2982 
0.30GO 
0.3137 
0.32C9 
0.3219 
0.33t7 
0.3413 
0.3476 
0.3535: 

<=  45" 

90,2 ( 7 )  

0.2882 
0.2997 
0.3039 
0.3172 
0.3251 
0.3325 
0.3336 
0.3465 
0.3530 
0.3594 
0.2655 
0:3713 
0.3770 
0.3825 

'0.3 (') 

0.3297 
0.3-lOO 
0.3483 
0.3557 
0.3628 
0.3693 
0.3756 
0.3818 
0.3876 
0.3932 
0.3985 
0.4036 
0.4086 
0.4133 

.- - 
' 0 . 8  (') 
- _- 

0.5932 
0.5962 
0.5985 
0.6003 
0.6021 
0. 6035 
0.6048 
0. 6061 
0.6071 
0.6079 
0. 6085 
0.6090 
0.6093 
0.6091 



TABLE V I I . 1 8  (Cont'd) 

0.28 
0.30 
0.32 
0.34 
0.36 
0.38 
0.40 
0.42 
0.44 
0.46 
0.48 
0.50 
0.52 
0.54 
0.56 
0.58 
0.60 

0.3335 
0 - 3398 
0 -3459 
0.3517 
0.3572 
0.3625 
0.3674 
0.3719 
0.3761 
0.3798 
0.3829 
0.3855 
0.3873 
0.3883 
0.3879 
0.3856 
0.3781 

90.1 

0.3597 
0.3653 
0.3708 
0.3760 
0.3808 
0 I 3855 
0,389s 
0.3936 
0.3972 
0.4002 
0.4027 
0.4046 
0.4057 
0.4059 
0.4048 
0.4017 
0.3932 

90.2 (=) 

0.3877 
0.3927 
0.3975 
0.4020 
0.4062 
0.4102 
0.4137 
0.4169 
0.4198 
0.4221 
0.4238 
0.4250 
0.4254 
0.4219 
0.4229 
0.4189 
0.4093 

'0.3 (') 

0.4178 
0.4221 
0.4262 
0.4299 
0.4334 
0.4366 
0.4395 
0.4419 
0.4440 
0.4456 
0.4465 
0.4469 
0.4465 
0.4452 
0.4423 
0.4371 
0.4266 

90.8 ('1 
. .  

0.6093 
0.6090 
0.6084 
0.6076 
0.6064 
0.6050 
0.6032 
0.6009 
0.5953 
0.5950 
0.5911 
0.5865 
0.5809 
0.5743 
0.5655 
0.5519 
0.5368 

TABU VII.19 
SOLUTION OF THE INTEGRAL FQUATION OF THE THFX)RY OF L I G H T  SCATTERING vq ( T )  

T 

-_ - 

0.00 
0.02 
0.04 
0.06 
0.08 
0.10 
0.12 
0.14 
0.16 
0.18 
0.20 
0.22 
0.24 
0.26 
0.28 
0.30 
0.32 
0.34 
0.36 
0.38 
0.40 
0.42 
0.41 
0.46 

0.1640 
0.1756 
0.1852 
0.1942 
0.2028 
0.2111 
0.2193 
0.2273 
0.2352 
0.2430 
0.2508 
0.2585 
0.2661 
0.2736 
0.2811 
a. 2685 
0.2958 
0.3030 
0.3101 
0.3171 
0.3239 
0.3306 
0.3371 
0.3433 

0.1868 
0.1977 
0.2068 
0.2153 
0.2235 
0.2313 
0.2391 
0,2467 

0.2615 
0.2689 
0.2562 
0.2831 
0.2905 
0.2976 
0.3016 
0.3115 
0.3183 
0.3250 
0.3316 
0.3XSO 
0.3443 
0.350-1 
0.356.2 

0.25-12 

'0.2 (.) 
. .  

0.2111 
0.2214 
0.2299 
0.2380 
0.2456 
0.2530 
0.2603 
0.2674 
0.2745 
0.2814 
0.2884 
0.2952 
0.3020 
0.3087 
0.3153 
0.3219 
0.3254 

0.3410 
0.3472 
0.3532 
0.3590 
0.3647 
0.3700 

0.33-1s 

"0.3 ('I 
. - ~  

0.2376 
0.2469 
0.2548 
0.2623 
0.2G9-i 
0.2763 
0.2831 
0.2897 
0.2963 
0.3027 
0.3092 
0.3156 
0.3219 
0.3282 
0.3344 
0.3405 
0.3465 
0.3524 
0.3582 
0.3639 
0.369.1 
0.374s 
0.3800 
0.3s.19 

- 

'0.8 (') 

0.4039 
0.40S8 
0.4129 
0.4168 
0.4206 
0.4242 
0.4279 
0.4314 
0.4350 
0.4384 
0.4419 
0.4454 
0.1488 
0.4521 
0.4554 
0.4586 
0.4G17 
0.4647 
0.4676 
0.4703 
0.4729 
0.4753 
0.4775 
0.4793 
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TABLE V I I . 1 9  (Cont 'd) 

0.48 
0.50 
0.52 
0.64 
0.56 
0.58 
0.60 

9.c T ) 
- 

0.3491 
0.3546 
0.3595 
0.3636 
0.3668 
0.3682 
0.3647 

- .  

1 90.1 
- - 

0.3616 
0.3666 
0.3711 
0.3747 
0.3775 
0 :3783 
0.3742 

- -  ._ - 

90.2 tT) 1 
0.3750 
0.3796 
0.3835 
0.3867 
0.3889 
0.3892 
0.3844 

'0.3 (.) 

0.3893 
0.3934 
0.3969 
0.3995 
0.4012 
0.40C9 
0.3954 

I.. 
- -  

'0.8 ('I - ._ 

0.4806 
0.4816 
0.481s 
0.4811 
0.4792 
0.4752 
0.4650 

TABLE V I I . 2 0  
SOLUTION OF THE I N T E R A L  EQUATION OF TKE THEDRY OF LIGHT SCATTERING (0, ( T ) 

T* = 0.6; < e 76" 

0.00 
0.02 
0.04 
0.06 
0.08 
0.10 
0.12 
0.14 
0.16 
0.18 
0.20 
0.22 
0.24 
0.26 
0.28 
0.30 

' 0.32 
0.34 
0.36 
0.38 
0.40 
0.42 
0.44 
0.46 
0.48 
0.50 
0.52 
0.54 
0.56 
0.58 
0.60 

O d T )  

- .- 

0.0706 
0.0767 
0.0821 
0 .OS75 
0.0928 
0.0982 
0.1038 
0.1095 
0.1155 
0.1216 
0.1280 
0.1317 
0.1416 
0. 1488 
0.1561 
0.1645 
0.1728 
0.1816 
0.1908 
0.2004 
0.2106 
0.2212 
0'. 2324 
0.2441 
0.2663 
0.2690 
0.2821 
0.2956 
0.3091 
0.3222 
0.3318 

90.1 (+) 

0.0790 
0.0848 
0.0931 
0.0953 
0.1004 
0.1056 
0.1111 
0.1166 
0.1225 
0.1284 
0.1347 
0.1412 
0.1480 
0.1550 
0.1625 
0.1704 
0.1786 
0.1872 
0.1963 
0.2058 
0.2158 
0.2263 
0.2373 
0.2488 
0.2609 
0.2734 
0.2864 
0.2997 
0.3130 
0.3259 
0.3353 

3 

'0.2 (T) 

0.0879 
0.0936 
0.0986 
0.1036 
0.1086 
0.1136 
0.1189 
0. I243 
0.1299 
0.1357 
0. 1418 
0.1482 
0.1548 
0.1617 
0.1690 
0.1768 
0.1838 
0.1933 
0.2022 
0.2115 
0.2214 
0.2317 
0.2426 
0.2539 
0.2658 
0.2782 
0.2909 
0.30A1 
0.3172 
0.3299 
0.3391 

'0.3 ('I 

0.0976 
0.1029 
0.1077 
0.1125 
0.1173 
0.1222 
0.1273 
0.1325 
0.1380 
0.1436 
0.1495 
0.1557 
0.1621 
0.1689 
0.1760 
0.1836 
0.1915 
0.1998 
0.2085 
0.2176 
0.2274 
0.2375 
0.2482 
0.2594 
0.2711 
0.2833 
0.2959 
0.3088 
0.8217 
0.3342 
0.3431 

'0.8 (') 

0.4039 
0.4088 
0.4129 
0.4168 
0.4206 
0.4242 
0.4279 
0.4314 
0.4350 
0.4384 
0.4419 
0.4454 
0.4488 
0.4521 
0.4551 
0.4586 
0.4617 
0.4647 
0.4676 
0.4703 
0.4729 
0.4753 
0.4775 
0.4793 
0.4806 
0.4816 
0.4818 
0.4811 
0.4792 
0.4752 
0.4650, 



T* 

.~ - 

0,7560 0.7879 
0.6191 0.6286 
0.4164 0.422'3 
0.1719 0.1746 

TABLE VI11 
ILLUMINATION O F  THE EARTH'S SURFACE BY D I R E C T  SOLAR RADIATION 

- 

.. . . -  

0.8002 0.8128 0.8676 0.8823 0.8978 0.9138 
0.6383 0.6485 0.6921 0.7041 0.7163 0.7291 
0.4294 0.43G2 0.4653 0.4796 0.4818 0.4Cj04 
0.1773 0.1801 0.1972 0.1955 0.19S9 0.2025 

0.20 

0.30 

0.40 

Yl I - 

~ . -. 

0.8036 0.8220 0.8114 0.8618 
0.6343 0.6-195 0.6619 0.6809 
0.4187 0.4283 0.4384 0.4490 
0.1619,0.1687 0.1727 0.1769 

30 
45" 
60" 
76" 

. . . . .  

0.8830 0.9054 0.9290 
0.6977 0.7151 0.7311 
0.4601 0.4717 0.4830 
0.1813 0.1858 ! 0.1907 

30 
45" 
60" 
76 

30' 
45" 
60" 
76" 

-~ 

30" 
45 
60" 
76" 
30" 
45" 
60 
76" 
30" 
45 
60 
76 

0.68744 
0.53290 
0.3351 6 
0.10584 
0.61 247 
0.46263 
0.27.441 
0.07000 
0.54568 
0.40162 
0.22466 
0.04630 

0.50 

0.60 

30 
45" 
60 
76" 
30" 
45 
60 
76" 

0.4861 7 
0.34865 
0.18394 
0.03062 
0.43315 
0.30267 
0.15060 
0.02026 

TABLE IX.1 
TOTAL I U U M I N A T I O N  O F  THE EARTH'S SURFACE 

'* = 0.2 
- 

0 1 0,1 1 0.2 1 0.3 1 0.4 1 0.5 I 0.6 I 0.7 1 0.8 I 0.9 1 1.0 

TABLE IX.3 
TOTAL ILLUMINATION OF THE EARTH'S SURFACE 

T* = 0.4 
- ... 

0 1 0.1 1 0.2 1 0.3 1 0.4 1 0.5 1 0.6 1 0.7 1 0.8 1 0.9 I 1.0 



TABLE IX.4 
TOTAL ILLUMINATION OF THE EARTH'S SURFACE 

,* _ _  , - 0 . 5  
.. . . . .  . . . . . . . . . . . . . . . . . .  - . . . . . . . . . . . .  

.\ I ]  

r; I \ I  I 1 o.2 1 c .3  1 o..l I 0.5 I O.F- 1 o.i' j o.s 1 o.n 1 
. . . . . .  . . . . . . . . . .  . . . .  ...... - .~ - 

TABU X.1  TABLE X.2 
APPROXIMATE SOLUTION ACCORDING TO APPROXIMATE SOLUTION ACCORDING TO 

SCHWARZSCHIID AND EDDINGTON SCHWARZSCHILLI AND EDDINGTON 

0 .00  
3.01 
0.02 
0.93  
0.01 
0.00 
0.W 
0.07 
0.0s 
0.09 
0.10 
0.11 
0.12 
0.13 
0.14 
0.15 
0.16 
0.17 
0.1s 
0.19 
0.20 

0.00 
0 . U l  
0.02 
0.0:; 
0.04 
0.05 
O . 0 G  
0.07 
0.0:; 
0 . O!J 
0.10 
0.11 
0.12 
0.13 
0.1'1 
0.15 
0.16 
0.17 
0.18 
0 .  I!) 
0.30 

75 



TABLE X.4 Lli 
APPlXlXIMATE SOLUTION ACCORDING To 

0.2085 
0.2124 
0.2163 
0.2204 
0.22.15 

TABU X.3 
APPROXIMATE SOLUTION ACCORDING TO 

S C W A R Z S C H I I D  AND EDDINGTON 

0.224G 
0.2328 
0 . 2 0 k  
0.2.15s 
0.2517 

SCWARZSCHILD AND EDDINGIQN 
I* := 0.2; := 76" 

-- - 
c 

. . .. 

E I I T  

~~ - 

1 

- .- 

0.109 1 
0.11 10 
0 .  I 1ss 
0.123s 
0.1290 
0.13-15 
0.1402 
O . I - ! G l  
0.1522 
0.15S7 
0.1(;5 1 
3.1 72.3 
D. 179G 
3.1S72 
3.19<>1 
1.2033 
) .%I19 
1.220s 
1.  230'2 
1. '399 
).9:j00 

.- 

T 

_ _  
E 
... 

0 .  1327 
0.1479 
0.1531 
0.15sti 
0.1611 
0.1699 
0.1758 
0.1820 
0.ISti i  
0.1950 
0.2018 
0.2(IS!l 
D.2162 
3.2237 
3.2315 
I .  239-1 
3.3.1i6 
1 . 2 x 7  
1.265G 
1.  2719 
) .2S- !G 

Sch 

0.1L501 
0.1557 
0.1614 
0.1672 
0.1724 
0.1791; 
0.1561 
0.19'5 
0.199G 
0.2067 
0.2140 
0.2216 
D .  2293 
D. 2374 
3.2.157 
I.2:i13 
3 .2632  
j .  2724 
1.2819 
1.2917 
1.301s 

r 

~ 

0.00 
0.01 
0.02 
0.03 
0.04 
0.05 
0.06 
0.07 
0.03 
0.09 
0.10 
0.11 
0.1% 
0 .13  
0.14 
0.15 
0.  lG 
0.17 
0 .1s  
0 .15  
0.20 

.. 

0.1676 
0.1710 
0. I741 
0.1779 
O.ISl5 
0.1S52 
0.1S89 
0.192s 
0.19G7 
0.2006 
0.20-17 
0.20ss 
0.2150 
0.2173 
0.2217 
3 :22G2 
3.2305 
3. 93.54 
-l.'.I01! 
.I. 2450 
1.2509 

0.00 
0.01 
0.02 
0.03 
0 .  0.1 
0.05 
0.06 
0. (17 
0.0s  
0.09 
0.10 
0. 1 1  
0.12 
0.13 
0.14 
0.15 
0.1G 
0.17  
(1 1s 
0.19 
0.20 

0.20S3 
0.2323 
0.2167 
0.220s 
0.2250 
0.2292 
0.2333 
0.2375 
0.24 1-7 
0 .  245s 
0.2rJ00 
0.2512 
0.2553 
0.2625 
0.2G67 
0.270s 
0.2750 
u .  '792 
3,'s;:; 
3 .  '875 
3.2917 

0.1547 
0.1630 
0.1705 
0.1777 
0.1850 
0.1921 
0.1991 
0.2066 
0.21 -10 
0.2')15 
0.2290 
0 .:!3G(i 
0.2.1.I:! 
3.2320 
3.2397 
3.  2675 
3.2753 
3.2S2Y 
1. : m 3  
I .  2973 

, '.) 0 3 '.I 
rl - r l  

0.2572 
0.2626 
0,2678 
0.2727 
0.2775 
0.2s21 
0.28GG 
0.290s 
0.2945 
0.29% 
0.3021 
0.3034 
0.3051 
0.3 1 0-1 
0.3119 
0.31 12 

0.22% 
0.2325 
0.23ti7 
0.2.10s 
0.24 19 
0.2490 
3.2532 
3 . 257-1 
3.2G15 
I .  2657 
).2700 
1.2743 
1.27SG 
1.28%:; 
) .  2S73 
1 . 2 9 I 6 

I 

TABLE X.5 
APPROXIHATE SOLUTION ACCORDING TO SCHWARZSCHILD AND EDDINGTON 

_ _  ... 

E 
- .  

0.2S31 
0.2s5s 
0.2ss2 
0.2'!06 
0.  '1!229 
0 . 2% 1 
0.2975 
0.2997 
0.3019 
0.  so-!O 
0.3061 
0.3053 
0.3102 
0.3125 
Q.3142 

. -  . .  

Sch 
_. 

0.2394 
0.2-!2G 
0 .2-!5S 
0.2190 
0 .252 1 
0.2552 
0.25$2 
0.2612 
0.26-11 
0.21iiO 
0.2ri95 
0.27:!6 
0.2753 
0.2779 
0.  "SO6 
0.2SRl 

.. - 

T 

. ... 

I 

. . . . .  

0.2127 
0.2151, 
0.2176 
0.2302 
0 .2X7  
0 .2 :!.53 
0.2:!79 
0.230(5 
0.2333 
0.236O 
0.2BS7 
0 .2-1 I 5 
0 .  2.1.!3 
0,2471 
0 .1?300 

.. . -  

Sch 
. -  

0. 2S.jti 
0 .  2sso 
0.2304 
0. ?92S 
0.2950 
0.2972 
0.2993 
0.:011 
0.3!3 1 
0.?05-1 
0 .:073 
0.3091 
0.31ci9 
0.3 1 2ti 
0 .:;I -!3 

. - . . . - . . 

I I .  

0.00 
0.01 
0.02 
0 . 0 2  
0.04 
0.05 
O . O G  
0.07 
(J.03 
0.09 
0.10 
0.11 
0.12 
0.13 
0.14 
0.15 

0.3271 
0.3300 
0.3323 
0. 331.5 
0.3365 
0. S333 
0.3398 
0.3-111 
0.3421 
0.3427 
0.3-130 
0.3429 
0.342 I 
0 .&lo4 
0.3364 

0.1 iG8 
0.17S9 
0.  IS09 
0.1 s30 
0.1832 
O.lS73 
0.1895 
0.  1917 
0.1539 
0.19ti2 
0.19s-i 
0 .  'XIOS 
0.  I!,i31 
0. '03-1 
0 .:?OiS 
0.2102 

0.2396 
0.2426 
0 . 2 4 S  
0 .2 iSI  
0.:!312 
0.2542 
0 .25W 
0.259s 
0 .  YG2S 
0.2(iS" 
0 .  2ij79 
0.:!705 
0.2731 
0.275s 
0.2783 
0.2S0J 

0.2577 
0.2G.57 
0.2720 
0.2777 
0.2.SL's 
0.2877 
0.2923 
0.2957 
0. LOO5 
0 .  :,04s 
0.3os3 
0.3121 
0 .3 1 55 
0.3jS7 
0.32 1 s 
0.32.i7 

0.16 
0.17 
0.1s 
0.19 
0.20 
0.21 
0.22 
0.23 
0 . 2 1  
0.2; 
0 . X  
0.27 
0.27 
0.29 
0.30 



/76 TABU X.6  TABLE X.7 
APPROXlMATE SOLUTION ACCORDING TO APPROXIMATE SOLUTION ACCORDING 'IO 

SCHWARZSCHILD AND EDDINGTON SCHWARZSCHILD AND EDDINGTON 

. -  T i  I I 

0.00 
0.01 
0.02 
0.05 
0.01 
0.05 
0.06 
0 .07  
0.0s 
0.09 
0.10 
0.11 
0.12 
0.13 
0.1-1 
0 .  I:, 
0.16 
0.17 
0.1s 
0 .  lc! 
0.20 
O.:!i 
0 .72  
0.z 
0 .  :?-I 
(I. :'5 
0.26 
{). 3.7 
0 . 2 s  
0 .29  
0.30 

0.00 
0.01 
0.02 
0.03 
0.0.1 
0.05 
O.0G 
0.07 
0.0s 
0.09 
0.10 
0.11 
0.12 
0.13 
0.1.1 
0.15 
0.16 
0.17 
0.18 
0.19 
0. :)o 
0 .. 1 
(I . :):2 
( I .  23 
0 . I! -: 
0 .  ?ci 
o.:?li 
0.27 
0.2s 
0 .  %'I 
0.30 

0 .  
0 .  
0 .  
0. 
0 .  
0. 
0 .  
0. 
0 .  
0 .  
0 . 
0 .  
0.  
0 .  
0 .  
0 .  
0. 

0 .  :!silo 

TABLE X.8 
APPROXIMATE SOLUTION ACCORDING To SCHWARZSCHILD AND EXlDINGTDN 

.- 

0.1136 
0.1 I??* 
0.1211 
0.1230 
0.12CIO 
0.1531 
0.1373 
0.1-116 
0 .  1 -162 
0.150s 
0.1.557 
O . l t i O r ,  
0 .  1 G5i' 
0.1710 
0.1765 
0.1821 

. .  

0.00 
0.01 
0.02 
0.03 
0.01 
0.05 
0.06 
0.07 
0.0s 
0.09 
0.10 
0.11 
0.12 
0.13 
0.14 
0.15 

D.0723 
0.075.1 
0. 07Sf j  
0.0819 
O.OX5 \ 
0.osno 
O.O?J27 
0.09G6 
G .  1007 
0.10-19 

0.1'29 
O.I"O3 
0.1350 
0.1 -106 
0 .  I .I62 
0.1517 
0.1573 
0.1630 
0.1 f X G  
0.1711 
0. IS03 
0 .  I S(i3 
0. 1 9 2 3  
0.19s3 
0.204s 
0.21 I2  

0. I .to2 
0 . 1 461 
0.15:,2 
0.1587 
0.1654 
0. I 723 
0.17(!6 
O.lS72 
0.1951 
0.2033 
0,2119 
0.2:!08 
0.2303 
0.2:;90 
0.2500 

0.1991 
O.',@S6 
0.2122 
0.2191 
0.1'262 
0.2336 
0.2412 
0.2490 
0.2371 
0 .  26>5 
0.2742 
0 .  2s:;2 
0.293.1 
0.3021 
0.3120 

0.16 
0.17 
0.1s 
0.19 
0.20 
0.21 
0.22 
0.2:; 
0.24 
0.25 
0.26 
0.27 
0.28 
0.29 
0.30 

0.1879 
0 .  1 c1::o 
o.:!oo' 
0.2056 
0 .2  I 32 
0 * 2202 
0.2273 
0.2317 
0.2'123 
@. ?5U3 
0. 25":, 
0.267 1, 
0.27% 
0 1 ?C50 
0 . 2 9 6  

0.2175 
0.2:2-10 
0.2311 
0.2xso 
0.2419 
0.281'0 
0.2591 
0,2665 
0 .  27% 
0.2s1 I 
0.2SS.I 
0.295'j 
0 .  ?.0"5 
0.3091 
0.3137 

0 .  
0 .  
0 .  
0. 
0 .  
0. 
0 .  
0. 
0. 
0. 
0. 
0 .  
0. 

0. 
0 .  
0 .  
0. 
0. 
0 .  

0.  IS09 
O.ISGS 
0.1929 
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TABU X.9 
APPROXIMATE SOLUTION ACCORDING To 

SCHWARZSCHILD AND EDDINGTON 
.i* 0.4; < = 30' 

TAB 
APPROXIMATE SO 

SCHWARZSCHI 

;E x.10 m 
X T I O N  ACCORDING TO 
D AND EDDINGIDN 

._. .. 

I 
. . 

0.112C 
LO. I461 
0.1503 
0.  1545 
0.  I590 
0 . 1 G 3 i  
0.  I (;K? 
0.1731 
0.17siJ 
0.  IS32 
0. I ss-1 
0 .  193s 
0.199-1 
0.2031 
0.21 10 
0.2170 
0.22:<2 
0.2297 
0. :?;:6:! 
0.2!20 
3.2500 

.. 

E 

0.2362 

0.2.170 
0.2537 
0.259:; 
0.2649 
0.2702 
0.2755 
0 .  ')so5 
0.2::57 
0 .  2!IOfr 
0.2952 
0,2999 
0. CiOi3 
0 .  Xi87 
0.2129 
0.3170 
0.3,05 
0 . :-)?-I G 
0.32s1 
0.3314 

q. 2-1'2 

. 

1' 

- - .. 

0.e5'2s 
0.2l2-1 
0,: t i 'SG 
0.2855 
0,2977 
0 . :-;o:jo 
0.3159 
0.3212 
0.32so 
0 . 3 3 ! 3  
0 ,3402 
0.:',,155 
0.3502 

0 . 3 c m  
0.3609 
0.3630 
0.3611 
0 ,  "C'S 

0 .36 I 7 
0.3546 

0.3+ 

< >  JL) 

_ .  

- 
. 

0.00 
0.01 
0.03 
0.03 
0.0-1 
0.05 
0.05 
0.07 
0 . 0 8  
0.09  
0.10 
0.11 
0.12 
0.13 
0. I ,$  
0.15 
0 .  I t i  
0 . 17  
0.  IS 
0 .  I9 
0.20 

. 

Sch 
. .  

0.2162 
0 .  B25? 
0.2?.01 
0.2:GC 
0 .:t4:v 
0.2.19s 
0, 2551 
0.26?2 
0.26SX 
(J,27.jl, 
0.2800 
3 . X X  
3.2910 
0.2963 
1.301.1 
1 . :'>ON 
3.3112 
).315S 
1.3"' 
:I . :$:.!-! L 
1.32S.I 

0.00 
0.02 
0.0-1 
0. os 
0.0s 
0.10 
0.12 
0.14  
0.1G 
0.1s 
0.20 
0.22 
0.2'1 
0.26 
0.2s 
0.30 
0.52 
0.34 
0.36 
0::;s 
0.40 

0.3575 
0.161" 
0.1650 
0.1686 
0.17% 
0.1768 
0.1809 
0.1s52 
0.1 8% 
0.1939 
0.19s-I 
0.2041 
0.207s 
0.2127 
0.2:76 
0.2227 
0.2279 
0:'333 
0.2:iyi  
0.2.1-13 
0.2t500 

TAE 

0.21GG 
0.229 
0.2291 
0.2251 
0.2412 
0.2-172 
0.253 1 
0.2.590 
0.2&18 
0.270-1 
0.27 i i l  
0.2ri17 
0.2871 
0.292!) 
0.2979 
O.FO31 
0.3os3 
0 . 3 1  3-1 
0 . 3  183 
0.32:32, 
0. 3280 

0.2319 
0.2462 

0.2676 
0. ?Ti0 
0.9s5s 
0.2942 
0.3021 
0.3096 
0.3167 
0.3'31 
0.3297 
3 .  3335 
3.3-10s 
1.3.15ri 
3.3.197 
1 ,353 1 
3.35.56 
1. m s  
1.3562 
1.:350s 

0.2571 

0.235s 
0.2-125 
.o. :?-!<io 
0,255-1 

0 .xi75 
0. ?733 
0.27s9 
0 .  38-13 
0.2593 
0 . 2945 
0 . :m:3 
0.303s 
o.:os2 
0.3123 
0 .  SI 6 1 
0.319s 
0.3272 
0 .  : m 3  
0.3292 
0.'331S 

e x.l T l l o d  X.12  
APPFiDXIMATE SOLUTION ACCORDING TO 

SCHWARZSCHILD AND EDDINGTON 
- r  -: 0. I .  C r: i i j '  

APPROXIMATE SOLUTION ACCORDING TO 
SCHWARZSCHILD AND EDDINGTON 
. .  

- 
__. .. 

0.00  
0.02 
0.0-1 
0.06 
0.08 
0.10 
0.12 
0.11 
0.1G 
0.1s 
0.20 
0.22 
0.24 
0 . 2 G  
0.28 
0.30 
0.32 
0.31  
0.3; 
0.3s 
0.40 

~. . ... -.. . 

7' 
- .  . - 

0.0!197 
0. io92 
0.117s 
0.1261 
0.1351 
0.  1.?4 1 
0.1333 
0.1629 
0.172s 
0 .  1832 
0.19.10 
0.2053 
0.2171 
0.2294 
0 .2-12  

0.2<;92 
0,25133 
0.2974 
0.31 1 1  
0.3215 

0 .  2rJ55 

I 
.- - . 

I 
Sch i E I I Sch 

. -. . . 

0.0937 
O.O! )DI  
0.1049 
0.11lO 
0.1175 
0.1243 
0.1315 
0 .  1?,9' 
0,149-1 
0. I559 
0.1G52 
0.17CO 
0 .  IS56 
0.19G7 
0.20% 
0.2217 
0.2S56 
0.2503 
0.2663 
0.2s;;-1 
0.901s 

0.1123 
0.1169 
0.1217 
0.1267 
0.1318 
0.1372 
0.142s 
0.14SG 
0.1547 
O . I G 1 0  
0.1676 
0.171,! 
0.1815 
0 .  ISS!) 
0.1967 
0.2047 
0.2130 
0.2217 
0.230s 
0.2402 
0.2500 

0.0.17s 
0.0520 
0.03G 1 
0.0613 
0.0m 
0.07'3 
0.0785 
0 . 0 : w  
0 .0'327 
0.1OOT 
0.1094 
0.  I ISS 
0.1290 
0.1:02 
0 . 1 5 3  
0 .  16.5-1 
0.1796 

0.21 I9 
0.2302 
0.500 

a. 1951 

0.00 
0.0') 
0.01  
0.06 
0.08 
0.10 
0.12 
0.14 
0.1G 
0 .  IS 
0.20 
0.22 
0.2-1 
O . 2 G  
0.28 
0.30 
0.32 
0.34 
0.36 
0 .3s  
0.40 

0.0?63 
0.10'5 
0 . 1" 
0.1158 
0.12'19 
0. 130 1 
i).13s4 
0 .  ! 4 68 
0 .  1556 
0.  I650 
0.1750 
0.  18.56 
0.1 969 
0.20s9 
0 . 2 1 7  
0.23i.1 
0.2500 
0.2(iX 
0.2$'23 
0.3004 
0.3196 

0.17% 
0 .  I s57 
0.1 929 
0.2000 
0.2071 
0.2113 
0.2214 
0.228fi 
0 . 2 3 7  
0.2429 
0,2500 
0.2571 
0.2G.43 
0.2711 
0.2756 
0.2S57 
0.2929 
0.3000 
0.:071 
0.3 1 -13 
0.32 1 1  

0.1791 
0. 18.56 
0.3921 
0.1 ClSS 
0.205.1 
0.1!1%2 
0 . 2  I S 9  
0.2?57 
0 .  2.327 
0.2:393 
0.21Gti 
0.2:5:',7 
0.2609 
0.3t;so 
0.275.1 
0.  2S'S 
0 . 9 0 1  
0.2977 
0.305-1 
0.3131 
0.3209 

0.1915 
0.2049 
0.2153 
0.2262 
0.2360 
0 .  243-1 
0.2SJS 
0. Xi35 
0.2723 
0.2806 
0.3SS8 
0. 29(;9 
0,3047 
0.3122 
0.3193 
0.32G0 
0.3522 
0.3376 
0.3.120 
0 . 3 m  
0.34'9 
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TABU X . 1 3  TABLE X.14 /78 
APPROXIMATE SOLUTION ACCORDING TO APPROXIMATE SOLUTION ACCORDING TO 

SCHWARZSCHILD AND EDDINGTON SCHWARZSCHILD AND EDDINGTON 

. -  . - .  

c 

. . .  

0.00 
0.0% 
0.04 
0.  C6 
0.0s 
0.10 
0.12 
0.14 
0.  I G  
0.18 
0.79 
0 . 2 2  
0. 24 
0.2G 
0.2s  
0.30  
0 .32  
0.2.1 
0 . 36 
0,::s 
0. .!Q 
0 .  $ 2  
0.4 I 
O..?G 
0 . 4 :; 
0.50 

. . -  . .  

I 1 Sch 

. .  

T 

0.00 
0.02 
0.04 
0.06 
0.08 
0.10 
0.12 
0.1.1 
0.16 
0.18 
0.20 
0 .  22 
(I .  I! 1 
0.  21; 
0.  28 
0 .30  
0. :z 
o.::! 
(I. :xi 

0 .. 4 0 
(I:::! 
O. ' ! . !  
0 .  ,1;; 
0 .  .IS 
0.50 

n .SY 

TABLE X.15 
APPROXIMATE SOLUTION ACCORDING TO SCHWARZSCHILD AND EDDINGTON 

0.  t' 
0.0i 
0.04 
0.06 
0.08 
0.10 
0.12 
0.14 
0.1G 
0.18 
0.20 
0.22 
0.24 

0 .  G?2d 
0.  0?37 
0. 03!!G 
0.1037 
0.!079 
c.1123 
0.11GI 
0.12;i 
0.1767 
0.1318 
0.1372 
0. 14:)s 
0.liSG 

0 .  I 7 3  ' 0 .  1 7 3  
0.1SUo 0.1791 
0.1 Si7 ( I .  IS34 
O.l<!:U 0.1915 
O.?C'C,u t 0.19T7 
ir.2Ui7 0.2n:zs 
0.2133 0.21co 
0.2200 0.2 163 
0.22137 0.2226 
0.2333 0.72I)O 
0.2400 0." 
0.23ti7 0.2418 

0.15!7 
0.1G10 
0 .  157(j 
0. 17-1-1 
0.3813 
0. I8S9 
0.19,j-l 
0.20-!7 
0 . 21 :?o 
0.2217 
0.230s 
0 .'2'102 
0.2500 

0.71R! 
6.2*:xIu 
0.21; 17 
0.2681 
(!. 2753 
0.2s21 
0.2891 
0.2DG1 
0.3031 
0.3101 
0.3177 
0.3220 
0.3325 

0.2932 
0. :~oos 
0.3053 
0.3155 
0.3325 
0.3292 
0.5357 
0.31 17 
0.3-171 
0.3518 
0 .  S55G 
0.3576 
0.354 e 

T 



TABLE X.16 
APPROXIMATE SOLUTION ACCORDING 'IO SCHWARZSCHILD AND EDDINGTON 

. ._ 

E ( ? '  I 
. -  

0, os30 
0.0'105 
0 . 0973 
0.10-10 
0 ,  I I os 
0.1177 
0.1218 
0.1::22 
0.139s 
O.147S 
O.I5[il 
0 . 1  (i 17 
0.175s 

I 

0.0s10 
O.OS.57 
0.0907 
0 .09*-i!) 
0.1 0 I 3 
0. I 070 
O . l l ? l  
0.1191 
O.I2!i7 
0. 1325 
0.1399 
0 . 1  .I76 
0 ,  1 !j.-i7 

0.36 
0.2s 
0.30 
0.3" 

0.0927 
0.1007 
0 .  I O!bl 
0.1 IFS 

0.00 
0.02 
0.0 I 

0.0s 
0. I O  
0.12 
0 . 1 4 
0.16 
0.1s 
u.20 
n.  :!2 
0 .24  

n . (16 

0.1735 I O.l(i34 
0.1:::u 0.1725 

0.3 0.1522 
0:10 0.1GS1 
0 . 4 2  0. 1796 
0 .41  1 0.1'I.Jl 
0:!6 I 0.2110 

0. SUiiT, 0,2:>91 
0. ::23ti 0.3074 

TABLE X.17  
APPROXIMATE SOLUTION ACCORDING TO 

SCHWARZSCHILD AND EDDINGTON 

TABLE X.18 
APPROXIMATE SOLUTION ACCORDING 'El 

SCHWARZSCHILD AND EDDINGTON 

. .  

. .  7 1  

T E 

0. ?S!, l 
0 . W i . J  
0 .2-1 I 7 
0 ,24 i 2 
0. :J:z,L,S 
0.25:;5 
0.26!0 
0 ,2:;i,s 
0. ?747 
O.',S(rl 
o.:!S52 
0 .  %!IO2 

0 ,  2GW 
0 ,3043 
0.3O!):! 
0.3137 
0.3180 
0 . 3 Z 2  
0.521;-1 
0.330-1 
0 3.741 
0,3378 
0 . 3 ? 1 5  
0 . ::-!.Is 
0. ;,.Is1 

0.3512 
0.3570 
0.35!J!j 
0.3622 

0 . 21J5' 

n.351~ 

0.c0 
0.02 
0.04 
0 .  06 
0 .  @I?, 
0 . 10  
0.12 
0.1.; 
0.16 
0 .  IS 
0 .  '0 
0.22  
0.24 
0.26 
0.2s 
0.30 
0.32 
0.34 
0.36 
0 , :iR 
0.30 
0 . 4 2  
0.44 
0. Ili 
0 .  '1s 
0.50 
0.52 
0.51 
0.56 
0.5s 
O.GO 

0.0c 
0.(12 
(J . 0.1 
0.O:j 
0.0s 
0. 10 
0.12 
0.14 
0.16 
0.1s 
0.20 
0.22 
0.24 
0.26 
0.28 
0.30 
0.32 
0.34 
0.36 
0.38 
0.40 
0.42 
0. . I 4  
0 . 4  1; 
0.4:; 
0.50 
0.52 
0.51 
0.56 
0.58 
0.60 

(1, 1 2,iU 
0. 1 :?::? 
0 . 11; 1  0 
O.l2!0 
0.1371 
0 . 1 4('.1 
0.  14R!i 
0.1.170 
0. 15o.t 
0.15:.9 
( I ,  1375 
0.161% 
0 . 1 (i:I0 
( I .  1 GS3 
O.IT:!S 
0 .  17(iS 
0. I so9 
0:1S62 
0.1 S!)5 
0 ,  19x1 
0.19s-I 
0.2021 
0.2OiS 
0.2127 
0.21 76 
0.2227 
0,2279 
0. 2x2;: 
0.2:3s7 
0 ,2413 
0.2500 

0.  1070 
0.1101 
0. 1 I :2 
0 . 1  1 i3 
0. 1 I  ';:; 
0.  I :JX: 
0 .  1 2IiX 
0.13c1 
0 .  lt':.i2 
0. 13:.;0 
0.1420 
0.1461 
0 .  150:; 
0 .  15 I(; 
0.159') 
0. I (1X 
0.1 6s' 
0.1731 
0.17S0 
0 . 1832 
0 .  I >is I 
0.19::s 
0 .  1 9:)-l 
0.2051 
0.2110 
0.2170 
0.222% 
0.2297 
0. ?31Z 
0.2-130 
0.2500 
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TABLE x.19 
APPROXIMATE SOLUTION ACCORDING To 

SCHWARZSCHILD AND EDDINGTON 

0.00 
0.04 
0.08 
0.12 
0.16 
0.20 
0.24 
0.28 
0.30 

0.00 
0.02 
0.0-1 
0.05 
0.08 
0. I O  
0.12 
0.1'1 
0.16 
0.15 
0.20 
0.22 
0.24 
0.26 
0.25 
0.30 
0.32 
0.34 
.O:Y6 
0.38 
0.40 
0.42 
0.44 
0.46 
.O .45 
0.50 
0.52 
0.54 
0.56 
0.55 
.O . GO 

0.6119 
0.5973 
0.5605 
0.5257 
0.4915 
0 4570 
0.4214 
0.3525 
0.35SI 

0.0753 
0.07S4 
0.0Slti 
0,0:',-13 
0. os54 
0.0920 
0.0957 
0.0996 
0.1037 
0. IO79 
0.1123 
0.1IG9 
0.1217 
0.12ti7 
0.1318 
0.1372 
0.142s 
0.14S6 

O.IG10 
0.1676 
0.1714 
0.1815 
0.1889 
0.1967 
0.2047 
0.2130 
0.2217 
0.2305 
0.2402 
0.2500 

0.1547 

0.1562 
0.1625 
0.l6CS 
0.3750 
0.1812 
0.  I Si5 
0.193s 
0.2000 
0.2062 
0.2125' 
0.21ss 
0.2250 
0.2312 
0.2375 
0.2338 
0.2500 
0.2562 
0.2623 
0.2GSS 
0.2730 
0.2s12 
0.2875 
0.2938 
0.3000 
0.3062 
0.3125 
0.318s 
0.3250 
0.3312 
0.3375 
0.3433 

0.1381 
0.1435 
0.1490 
0.1556 
0.1G15 
0.1GiJ 
0.1734 
0.1794 
0. IS34 
0.1915 
0.1977 
0.2036 
0.2100 
0.2163 
0.2226 
0. "90 
0.2334 
0.241 8 
0.24s4 
0,2550 
0.2617 
0.26S4 
0,2752 
0.2821 
O."S91 
0.2961 
0.3031 
0.3104 
0.3177 
0.3250 
0.3325 

-. - 

0.1640 
0.1756 
0.1652 
0.1912 
0.2025 
0.2111 
0.2193 
0.2273 
0.2352 
0.2430 
0.2505 
0.23s5 
0.2660 
0.2736 
0.2811 
0,2885 
0.2955 
0.3030 
0.3101 
0.3171 
0.3239 
0.3306 
0.3371 
0,3132 
0 . 3-19 I 
0.35-16 
0.3595 
0.3636 
0.366s 
0.3682 
3.3547 

TABLE X.20 /80 APPROXIMATE SOLUTION ACCORDING To 
SCHWARZSCHILD AND EDDINGTON 

T* -= 0.G; < = 76" 

0.00 
0 .02  
0.04 
0.06 
0.05 
0.10 
0.12 
0.14 
0. I6 
0.1s 
0.20 
0.22 
0.24 
0.26 
0.2s 
O . E O  
0.32 
0.34 
0.36 
0.38 
0.40 
0.42 
0.44 
0.46 
0.4s 
0.50 
0.52 
0.51 
0.56 
0.58 
0.60 

0.0'09 
0.0227 
0.0247 
0.031;s 
0.0291 
0.0316 
0.0344 
0.0373 

O,O,I40 
0.0178 
0.0520 

0.0613 
0.0666 
0.0723 
0.0786 
0.0851 
0.0927 
0.1CO7 
0.1094 
0.11ss 
0.1290 
0.1402 
0.1522 
0. 654 
0.'1796 
0.1951 
0.2119 
0.2302 
0.2500 

0.0-106 

0.0564 

0.07CO 
0.073s 
0.0777 
o.os15 
0. OS60 
0.0904 
0.0950 
0.0998 
0.104s 

0.1155 
0.1212 
0.1273 
0.1337 
0.1401 
0.1175 
0.1550 
0.16'29 
0.1714 
0.1804 
0.18!19 
0.2001 
0.2109 
0.2225 
0.2319 
0.2482 
0.2623 
0.2776 
0.2959 

0,3303 

0. I190 

0.31 1 4  

TABLE X I . l  
APPROXIMATE SOLUTION ACCORDING To CHANDRASMHAR 

( D I F F U S E  RADIATION OF EARTH) 
:* = 0.3 

I 

1 C h ,  

0.6031 
0.5756 

0.5206 
0.4931 
0.4656 
0.4381 
0.4106 
0.3969 

0 .5.48 1 

Ch I 

0.6250 
0.5915 
0.5552 
0.5249 
0.4917 
0.4585 
0.4252 
0.3915 
0.3750 

S c h  1 
.- - - .  

0.6154 

0.5539 
0.5231 
0.4923 
0.4615 
0. KO8 
0.4000 
0.3846 

0.58-16 

0.0616 
0.0617 
o.otis4 
0.0720 
0.075s 
0.0798 
O.OS39 
O.OS53 
0.0929 
0.0977 
0.1027 
0.10s0 
0.1136 
0.1195 
0.125s 
0.1324 
0.1395 
0.1470 
0.1519 
0.1634 
0.1725 
0.1821 
0.1925 

0 .2 1 54 
0.22s1 
0.2417 
0.2564 
0.2722 
0.2891 
0.3074 

o 2n35 

~ 

0.0706 
0.0767 
0.0521 
O.OS75 
0.0925 
0.0952 
0.1035 
0.1095 
0.1155 
0.1216 
0.12SO 
0.1347 
0.1416 
0.14ss 
0.1561 
0 . I c4-1 
0.1728 
0.1816 
0.190s 
0,2004 
0.21oti 
0.2212 
0.2324 
0 . 2-1 -1 I 
0.25G3 
0 . ?690 
0.2s21 
0.2936 
0.3091 
0.3222 
0.331s 
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7 

0.00 
0.02 
0.06 
0.10 
0.14 
0.18 
0.22 
0.26 
0.30 
0.34 
0.38 
0.42 
0.46 
0.50 

T 

0.00 
0.04 
0.08 
0.12 
0.16 
0.20 
0.23 
0.28 
0.32 
0.36 
0.40 
0.41 
0.48 
0.53 
0.56 
0.60 

TABLE X I . 2  
APPROXIMATE SOLUTION ACCORDING ?o CXANDRASEXHAR 

( D I F F U S E  RADIATION O F  EARTH) 

0.6874 
0.6664 
0.6333 
0.  GO36 
0.5751 
0.5274 
0.5203 
0.4933 
0.4662 
0.4388 
0.4109 
0.3819 
0.350s 
0.3126 

-.-_ - 

Ch 1 
-- __ 

0.6511 
0.6390 
0.6138 
0.5907 
0.5665 
0.5423 

0.4940 
0.4695 
0.4156 
0.4214 
0.3973 
0.3731 
0.3389 

0.5181 

Ch ; 
- .  . 

0.6756 
0.6613 
0.6329 
0.6017 
0.5767 
0.54% 
0.5209 
0.4930 
0.4652 
0.4373 
0.4093 
0.3812 
0.3529 
0.3241 

T* = 0.5 
. 

Sch 
-. ~- 

0.6667 
0.6533 
0.6267 
0.6000 
0.5733 
0.5467 
0.5200 
0.4933 
0.4667 
0.4100 
0.4193 
0.3867 
0.3600 
0.3333 

r Ch 2 IC0 T 
-.- 

5.3010 

2.9010 
2.1% 

0.9010 

- 0.1~10 
- 0.80/0 
- 1 .So/, 
- 2.6010 
- 4.0~10 
- 6.4010 
-1 I . 6 0 / 0  

4.1010 

1 .5% 

0.4O/o 

. 

T-Chi 7 100 

I .70/0 
0. 8010 
0 . 1 ~ 1 0  

- 0 . 2 0 1 0  

-0.3010 
-O.lO/o 

0.1010 
0.201, 

-0.30/0 

0.3% 
0.4010 
0 . 2 0 1 0  

-0.60/0 
-3. 8010 

TABLE x1.3 
APPROXIMATE SOLUTION ACCORDING To CHANDRASEKHAR 

( D I F F U S E  RADIATION OF EARTH) 

T* = 0.6 

T - Sch -- 
T IOo 

_ -  

3.0% 
2.0010 
I .O% 
0. 6010 
0.3010 
0 . 1 0 / 0  

0.050/0 
0 0 1 0  

-0. I 010 

-0.6Ol0 
-1.3010 
-2.6010 
-6. Golo 

- O . ~ " / O  

T 

0.7052 
0.6694 
0.6403 
0.6133 
0 ,5873 
0.6670 
0.5370 
0.5123 
0.4877 
0.4630 
0.4380 
0.4127 
0.3867 
0.3597 
0.3206 
0.2938 

Ch 1 

0.6709 
0.6182 
0.6253 
0.6026 
0.5798 
0.55iO 
0.5342 
0.5114 
0.4886 
0.4658 
0.4430 
0.4202 
0.3974 
0.3746 
0.3518 
0.3290 

0.6953 
0.6589 
0.6125 
0.6164 
0.5903 
0.5614 
0.5396 
0.5129 
0.4871 
0.4614 
0.4356 
0.4097 
0.3837 
0.3575 
0.3311 
0.30-16 

_ _ _ _  

Sch 

0.6879 
0.6625 
0. 6375 
0.6125 
0.5875 
0.5625 
0.5376 
0.5125 
0.4875 
0.4625 
0.4375 
0.4125 
0.3875 
0'. 3625 
0.33i5 
0.3125 

4.9% 
3.2% 
2.3% 
1.7% 
1.3% 
0.9% 
0.5% 
0.2% 

- 0.2% 
- 0.6% 
- 1.1% 
- 1.8% 
- 2.8'36 
- 4.1% 
- 6.4% 
-11.6% 

- -- - - . . . 
T - c h ,  -~ 

T 
- -  . -  

1.4% 
0.1% 

-0.3% 
-0.556 
-0.5% 
-0.4% 
-0.3% 
-0.1 % 

0.1% 
0.3% 
0.5% 
0.7% 
0.8% 
0.6% 

-0.104 
-3.3% 

___. - 
T - Sch IC0 

2.5% 
1 .O% 
0.4% 
0.1% 

-0.0396 
-0.09% 
-0.1% 
-0.03% 

0.04% 
0.1% 
0.1% 
0.04% 

-0.296 
-0.8% 
-2.1% 
-6.096 
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TABLE x1.4 
APPROXIMATE SOLUTION ACCORDING TD CHANDRASMHAR 

( D I F F U S E  RADIATION OF EARTH) 

T* =z 0.3; = 30’ 

0.00 
0.02 
0.04 
0.06 
0.0s 
0.10 
0.12 
0.14 
0.16 
0.18 
0.20 
0.22 
0.24 
0.26 
0.2s 
0.30 

. _. , 

.-. . . . 
I 
0.2577 
0.2720 
0.2828 
0.2923 
0.2003 
0.30S5 
0.3155 
0.32.18 
0.3279 
0.3324 
0.3365 
0.339s 
0.3421 
0.3430 
0.3421 
0.3564 

0.OIT 
0.02 
0.04 
0.06 
0.08 
0.10 
0.12 
0.14 
0.16 
0.18 
0.20 
0.32 
0.24 
0.26 
0.28 
0.30 

Sch 

0.2394 
0.245s 
0.2521 
0,2582 
0.2G.11 
0.26% 
0.2753 
0.2806 
0.2S56 
0.2904 
0.2950 
0.2993 
0.3034 
0.3073 
0.3109 
0.3142 

0.2410 
0.2551 
0.2666 
0.2765 
0.2857 
0.2941 
0.3019 
0.3091 
O.Si57 
0.3218 
0.3271 
0.3316 
0.3352 
0.3376 
0.3381 
0.3339 

Ch , 

0.2305 
0: 2369 
0.2’126 
0.2.1s; 
0.2539 
0.2593 
0.2647 
0.2699 
0.2750 
0.2798 
0.2547 
‘0.2SS9 
0.2933 
0.2976 
0.3017 
0.3US6 

Ch t 

0.2461 

0.2G07 

0.2740 

0.2861 

0.29ti7 

0.3058 

0.31 3-1 

0.3194 
0.3216 

. .  

T - S c h  ,Go - -_ 
T 
. .  

7.196 
9.6% 
10.8% 
11.7% 
12.2% 
12.5% 
12.7% 
12.8% 
12.996 
12.696 
12.3% 
11.9% 
11.3% 
10.4% 
9.1% 
6.6% 

. . 

T - C h ,  

- . 

10.40,6 
12.9?$ 
14.29; 
15.0% 
15.6% 
15.996 
16.1% 
16.1% 
16.1 % 
15.8% 
15.4% 
15.0% 
14.396 
13.2% 
11 .6% 
9.2% 

TABLE X I . 5  
APPROXIMATE SOLUTION ACCORDING To CHANDRASMHAR 

(DIFFUSE RADIATION O F  EARTH) 

7* = 0.3; c = 45” 

0.2237 
0.2307 
0.2375 
0.2442 
0.237 
0.2571 
0.2634 
0.2695 
0.2754 
0.2812 
0.2868 
0.2922 
0.2975 
0.3026 
0.3074 
0.3121 

0.2160 
0.2223 
0,2276 
0.2349 
0.2411 
0.2472 
0.2532 
0.2592 
0.2650 
0.270s 
0.2765 
0.2s22 
0.2877 
0.2931 
0.2984 
0.3037 

. .  

Ch I 

0.2274 

0.2433 

0.25SO 

0.2716 

0.2841 

0.2938 

0.3053 

0.3140 
0.3176 

83 

. . . 

T -  Sch  
-~ - r- 100 

~ ~ . .  ~. 

7.10,; 
9.70,; 

10.9?; 
11.7?6 
12.2% 
12.6% 
12.7% 
12.8% 
12.8% 
12.6% 
12.3% 
11.9% 
11.2% 
10.4% 
9.1% 
6.5% 

. - . - .. . - 
- .  T-% * - l(-o 

T 

10.4% 
12.9% 
14.6’?,; 
15.076 
15.6% 
15.996 
16.1 % 
16.1% 
16.1% 
15.8% 
15.5% 
14.9% 
14.2% 
13.2% 
11.7% 
9.096 

r - C h i  
- -- IC0 

4.596 

7.8% 

8.9% 

9.3% 

9.5% 

9.196 

8.4% 

6.676 
4.496 

5.6% 

8.796 

9.7% 

10.0% 

10.0% 

10.2% 

8.9% 

7.1% 
4 .9% 



0.00 
0.02 
0.04 
8.06 
0.08 
0.10 
0.12 
0.14 
0.16 
0.18 
0.20 
0.22 

0.26 
0.28 
0.30 

0.2? 

T 

0.00 
0.02 
0.06 
0. IO 
0.14 
0.18 
0.22 
0.26 
0.30 
0.34 
0.38 
0.42 
0.46 
0.50 

TABLE XI.6 
APPROXIMATE SOLUTION ACCORDING To CHANDRASMHAR 

( D I F F U S E  RADIATION OF EARTH) 
T* == 0.3; < =: 76" 

. . . . .  

T 

0.1229 
0.1351 
0.1462 
0.1573 
0.  IGSG 
0.  1803 
0.1923 
0.2048 
0.2177 
0.2311 
0.2449 
0.2592 
0.2738 
0.2884 
0.3026 
0.3137 

- . . . .  

0. I I83 
0.1265 
0.1352 
0.1414 
0.1541 
0.1643 
0.1752 
0.  IS68 
0.1991 
0.2122 
0.2262 
0.2412 
0.2571 
0.2742 
0.2925 
0.3120 

0.108C 
0-1155 
0.1233 
0.1317 
0.1405 
0.1500 
0.1600 
0.1708 
0.1822 
0.1935 
0.2076 
0,2216 
0.2366 
0.25% 
0.2701 
0.2888 

. . . .  

0.1169 

0.13'12 

0.1530 

0.173s 

0.1967 

0.2222 

0.2507 

0.2827 
0.3002 

3.7% 
6.4% 
7.5% 
8 .2% 
8.656 
8 .9% 
8 .9% 
8.8% 
8 . 5 %  
8.2% 
7 .6% 
6.996 
6.1% 
4.9% 
3.396 
0.5% 

12.1% 
14.596 
15.7% 
16.3% 
16.7% 
16.8% 
16.8% 
16.696 
16.3% 
15.8% 
15.2% 
14.596 
13.6:6 
12.3% 
10.7% 
7.9% 

TAEILE X I . 7  
APPROXIMATE SOLUTION ACCORDING TO CHANDRASEKHAR 

( D I F F U S E  RADIATION OF EARTH) 
T* = 0.5; < = 30" 

. . . . .  

T 
. 

0.2472 
0.2619 
0.2835 
0.3017 
0.3178 
0.3322 
0.3452 
0.3566 
0.3664 
0.3745 
0.3802 
0.3832 
0.3822 
0.3707 

. . -  

Sch 
. .  

0.2323 
0.2391 
0.2523 
0.2649 
0.2768 
0.2880 
0.2985 
0.3082 
0.3171 
0.3251 
0.3323 
0.3385 
0.3337 
0.3480 

. _. . 

Ch 
.- ..- . 

0.2202 
0.2248 
0.2338 
0.2423 
0.2505 
0.2581 
0.2654 
0.2722 
0.2774 
0.2842 
0.2893 
0.2940 
0.2979 
0.3013 

Ch I 

._ . 

0.2555 
0.2633 
0.2781 
0.2919 
0.3046 
0.3164 
0.3270 
0.3365 
0.3439 
0.3508 
0.3561 
0.3605 
0.3630 
0.3639 

8.4 

- - .. 

- T - &hiOC 
T 

. . "  

6.0% 
8.796 

11 .O% 
12.2% 
12.9% 
13.3% 
13.5% 
13.6% 
13.4% 
13.1% 
12.696 
11.796 
10.1% 
6.1% 

r - c h ,  -. _. 1GC 

. .  

10.9?6 
14.2% 
17.5% 
19.7% 
21.2% 
22.396 
23. I % 
23.7% 
24.3% 
24.1% 
73.996 
23.3% 
2,3.19/0 
18.734 

........ 

____ T-Chs - 
T 

~ . - -.. 

4.9% 

8 .2% 

9.396 

9.696 

9 .6% 

9.3% 

8.496 

6.696 
4.30,; 

T - C h ,  *00 

. . . . . . . .  

-3.1% 
-0.5% 

1.9% 
3.2% 
4 .2% 
4.8% 
5 . 3 %  
5 . 6 %  
6.1% 
6.896 
6.394 
5.9% 
5.0% 
1.8% 



0.0000 
O.OO70 
0.01.14 

0.0000 
0 .OG7? 
0.0150 

0.0223 
0.0301 

0.0572 
0 .  OGGG 

0 OS90 
0,0479 

0,0231 
0.0316 

0 . 0 s 3  
O.O(i92 

0.0-105 
0.0497 

- .  

0.0000 
0.0097 
0.0201 
0.031 1 
0.0427 

- . .. 

0.0000 
0.01 19 
0.0247 
0.0384 
0.0529 

o.oooo 
0.0084 
0.0173 
O.O'.'GS 
0.0368 

o .oono 
O.OOS7 
0.01SO 
0.0278 
0.03s1 

0.0475 
0.05SI 
0.0694 
o.os11 
0.0932 
0.1056 

0.0490 
0.OG03 
0.0721 
o.os43 
0.0069 
0.1097 

TABLE XI.8 
APPROXIMATE SOLUTION ACCORDING TO CHANDRASMHAR 

( D I F F U S E  RADIATION OF EARTH) 

. . .. . ... . -  

I - .  r . . I  Sch . -  

0.00 
0.02 
0.06 
0.10 
0.15 
0.1s 
0.22 
0.26 
0.30 
0.34 
0.38 
0.42 
0.46 
0.50 

0.222s 
0,2367 
0. ?cis0 
0.2763 
0.2931 
0.3OSS 
0.3226 
0.3356 
0.3473 
0.3574 
0.3657 
0.3715 
0.3735 
0.3654 

0.2G91 
0.2163 
0.2297 
0.2428 
0.2553 
0.2G7-1 
0. ? i O O  
0.2900 
0.2005 
0.3101 
0.31% 
0.3282 
0.3XO 
0.3431 

0 19'72 
0 ,201.9 
0.2C93 
0.2165 
0.2234 
0.??.01 
0. X G G  
0.2427 
0.2486 
0.2541 
0.2594 
0.26-16 
0.2GS9 
0.2731 

0.2267 
0.2314 
0.2-195 
0.2639 
0.2775 
0.2903 
0.3022 
0.3133 
0.3234 
0.3::25 
0.3.104 
0.3-173 
0.3527 
0.35GS 

6.0% 
8 . 6 %  

11.096 
12.196 
12.9% 
13.396 
13.576 
13.696 
13.5% 
13.2% 
12.696 
11.7% 
10.00,', 
6.1% 

11.5% 
14.7% 
18.9% 
21 .S96 
23.8% 
25.4% 
26.7% 
27.7% 
28.4% 
2S.996 
29.196 
28.8% 
2S.O% 
25.3% 

-1 .S% 
I .O% 
3.3% 
4.596 
5.396 
5.9% 
6.39'0 
6.6% 
6.9% 
7.0% 
6.9% 
6 .5% 
5 . 6 %  
2.496 

k _ -  

0.00 
0.02 
0.04 
0.06 
0.0s 
0.10 
0.12 
0.14 
0.16 
0.1e 
0.20 

. -  \8, - 
0.00 
0.02 
0.04 
0.06 
0.0s 
0.10 
0: 12 
0.14 
0.16 
0. IS 
0.20 

. . -. . - . . . . 
I 

. - 

63' 

.. .. 

0.0000 
0.0 141 
0.0295 
0.0-159 
0.0635 
0.0823 
0.1022 
0.1231 
0.1452 
0.1683 
0.1923 

. . . . . . - 

i5" 1 SO" 

. -- 

1 5 '  

O" . .  I . .  
I 

0.0000 
0.0123 
0.G917 
0. 1490 
0.2151 
0.290s 
0.3776 
0.4760 
0 .  ss7s 
0.7139 
0,8549 

0. ocoo 
0.00s1 
0.0167 
0.025s 
0.033-1 
0.0154 
0.0559 
0.06GS 
0.07SO 
O.OS95 
0.1013 

0 . 0 0 ~ 0  
0.0278 
0 . o m  
0.0932 
0.1320 
0.17-1s 
0.2220 
0.2737 
0.3301 
0.39 I4 
0.4573 

. . .. 

0.  ooco 
0.0099 
0 .O2OG 
0.0319 
0.0-135 
0.656-1 
O.OGY6 
0.0833 
0.0976 
0.1124 
0.1276 

0.0000 
0. CS93 
0.2064 
0.3586 
0.5552 
0. SOSl 
1 .I380 
1.5-157 
2.0717 

0.07G4 0.0794 
0.OSG3 I O.OS97 2.73GG 

3.5703 

TABLE X I I . 2  

T* = 0.2;  Z; = 45" 
HAZE FACTORS O(T, e >  

69" 

0 .ocoo 
0.01G9 
0.0353 
0.0553 
O.Oili7 
0 :099:, 
0.1239 
0.1497 
0.1769 
0.2056 
0.233 

0' 1 15" 
. . . 

75' I SO" 85" 

0.0000 
0.0505 
0.1100 
0. Ii93 
0.2595 
0.3519 
0.4579 
0.5791 
0.7171 
0. Si35 
I .0491 

0. ocoo 
0.1071 

0.0000 
0.0333 
0.0710 
0.1122 
0.1593 
0.21 15 
0.2692 
0.3328 
0.4021 
0.4784 
0.5606 

0.0550 
0.0678 
0.OSII 
0.0950 
0,1093 
0.12-10 

O.OGS2 
O.OS43 
0.1012 
0.11s9 
0.1372 
0.1561 

0.9791 
1.3759 
I .8Y-16 
2.5338 
3.3583 
4.3963 



TABLE x11.3 
HAZE FACTORS ~ ( 7 ,  e )  

=8 ~ 0.2; < == CO' 

- - - - . .. . . . . . . . .  ~ . 

0.00 0.0000 0.0000 0.0000 0.0000 
0.02 0.0191 0.0195 0.0220 0.027'2 
0.04 0.0.104 0.0419 0.0467 0.0378 

0.0s O.OSY7 0.0921 0.10-I1 0.1292 
0.06 0.0639 0.0663 0.0740 0.0917 

0.10 0.1179 0.1223 O.1:'172 0.1706 
0.12 O.14SG 0.15-13 0.1732 0.2161 
0.14 0.1520 0.1890 0.2126 0.2660 
0 .  I 6 0.21 82 0 . 2 X 6  0.2553 0.3204 
0.18 0,2572 0.2673 0.3017 0.3796 
0.20 0.2990 0.310s 0.3514 0.4435 

0.00 0.0000 O.OGO0 0.0000 0.0000 O.COO0 
0.02 0.0113 0.0117 0.0131 0.0JtiaI 0.01225 

- - . - . _ _ _  __  

0.0000 0.0OGO 0.0000 0.0n03 
0.0387 O . O T f j 2  0. I17(i 0.:!4.0 
O.o82(; 0.1659 0.259:( 0.3807 
0.1320 0.26S2 0.4312 1.0372 
0.1874 0.3900 O.GSS6 1 .6  
O.'.I?)I O .5SI I  O.SSR1 2.4 
0.3177 0.6!139 1.1S7:: 3.60S4 
0.393s 0.SSII 1.51-17 5.lOSl 
0.17T8 1 . OiNjO I .1J70.5 7 .  1 I I2 
0.5703 I .3-11-1 2.4751 9.7751 
0.6714 1.6197 3.0101 il3.2926 

0.10 
0.12 
0.14 

.- . . - ~ _ _ _ .  .. - 

I 
0.00 I 0,0000 0.0000 O.OCO0 ' O.OCO0 
0.02 0.0073 0,0075 0.00S5 0.0JO-l 
0.04 0.0150 0.0156 0.0173 0.0215 

0.08 0.0319 0,0330 0.0369 0.0439 
0.10 0.0409 0.0-1'4 0.0476 0.0391 
0.12 O.OC0 1 0 .  (523  0 . 0 ~ 7  0.0731 
0.14 O.ObQ2 0.0625 0.0703 O.OS7S 
0.16 0.070-1 0.0732 O.OS24 0.1032 
0.18 0.0810 0.05'-12 O . U J l 9  0.1193 
0.20 o.oo'io o . 0 ~  0.10so 0 . 1 ~ 1  
0.22 0.10:3:3 0.1075 0.1215 0.1536 
0.24 0.1150 0.119(i 0.13.54 0.1717 
0.26 0.1269 0.1321 0.1497 0.1904 
0.28 0.1391 0.1445 0.16-13 0.2097 

0.06 0.0232 0.0241 0.0269 0.0:3:53 

0 .  I6 
0.  IS 

. . . . .  . .  . .  

0.0000 0.0000 0.0000 0.0000 
0.0147 0.02S9 0.0443 0.0929 
0.0307 0.0616 0.0939 0.2152 

O.OiiC;5 0.1390 0.2254 0.5S13 
O.OS63 0.1  S42 0.3053 0 .  84S4 
0.1074 0.2343 0.3972 I .I925 
0.129s 0.2S95 0.50% 1.631S 
0.1536 0.3503 0.6229 2.2009 
O.l'iS7 0.4170 0.76J3 2.9:19 
o , L ' o ~ ~  0.4901 n.9164 3 . 8 1 ~ 2  
0.2332 0.5699 1.0935 5.0238 
0.2623 0.6.569 1.29:;9 6.5!26 
0.2932 0.7513 1..5199 8.3953 
0.325) 0.8532 1.77:16 10.7640 

, 0.0450 0.09,?2 0.1559 0.374G 

0.20 

0.30 0.1514 0.1577 0.159l 
I 

0.06'IS 0.0672 0.071'7 0.0957 0.13G7 
0 . ~ S 0 2  O.OS32 O.(lD07 0.1164 0 . 1 7 1 0  
0.0963 0.1000 0.10!17 0.1405 0.2077 
0.1131 0.1173 0.132-1 0.1659 0.2-169 
0.1307 0.133s 0.153' 0.1!J'5 0.2SS5 
0.14S7 0.1546 0. J7-17 0.2201 0.3323 I 

0.2293 1 0.35SO 0.3626 2.(.557 13.7190 

0 :I625 0. SOGO 2.5325 

0.6729 1 . ?:-! 12 -1.7Ci25 
0.7935 I .4SS7 G.2S-IC 

0.56% 1 .0013 3.5r;,% 

86 



TABLE XI I .6  
HAZE FACTORS (~(7, 0 )  

-* -- 0.3; < ~ .15' L -  

0.0000 
0 CO:;G 
0.0119 

\. 0 

.. : \ . . 

0.00 
0 .02  
0.01 
0.06 
0.0s  
,0.10 
0.12 
0 .14  
0.1G 
0.1s 
0.20 
0.22 
0.2'1 
0.26 
0.2s 
0.30 

-. - .. 

- :y . .. 

0.00 
0.02 
0.04 
0.06 
0.08 
0.10 
0.12 
0.14 
0.16 
0.1s 
0.20 
0.22 
0.24 
0.26 
0.26 
0.30 

0.0000 
0.  O O W  
0.01S5 

0.03:<0 
0.0.1S!I 
0.0603 
0.0723 
0.  os-IS 
0.0977 
0.1112 
0.1252 
0.1395 
0 . 15-1 4 
0.1696 
0.IS:il 

0. 031!-1 
0.0,rOS 
0.0ciXi 
0.0151 
0 .0SS)  
0.10Iti 
0.1156 
0.1301 

0.1C07 
0.1452 

. . .  

I 0.0000 j 0.0000 
0.0100 , 0.011'3 
0.0207 ' 0,0-'55 
0.0321 ' 0 0;;:,7 
0.0113 0.051:: 
0.0570 1 0.070:; 
0.070.1 : 0.0577 
0.0s-11 I 0.1055 

0.114fj 0.14-10 i 0.130G 0.164G 
0.1.172 j 0 . 1 ~ 6 1  
0.1645 , O . 2 O S f i  

0.0!)!!2 : 0 .  12.13 

0.1823 1 0.231s 

0 0003 
0.017-1 

0.0571 
0 U i W  
0.1032 
0.1257 
0.1559 
0.1 s-IS 
0.2156 
0.2-IS2 
0.2s25 
0.3189 
0 3570 

n . o m  

. .. . . . . 

0.0000 
0.0113 
0.0235 
0.0366 
0.0.505 
0.0653 
0 .  os09 
0.097-1 
0.1137 
0.1339 
0.1520 
0.1720 
0.192s 
0.2144 
0.23GS 
0.2597 

0 .  0000 
0.0117 
0.0244 
0.0380 
0.05'24 
0.0678 
O.GSi0 
0.1022 
0.1 192 
0.13s 
0.1581 
0.17S9 
0.2006 
0.2232 
0.2465 
0 2706 

0.0000 
0.0131 
0.0273 
0.0426 
0.058s 
0.0761 
O . O O i 5  
0 . 1 I39 
0.1344 
0.15fi0 
0.178s 
0.2036 
0.2255 
0.  "533 
0.2803 
0.3oso 

0.0000 
0 OS13 
0.0732 
0 .  I 1 
0. I l i a  
0.2203 
0.2qos 
0.347:: 
0 .42 18 
0 .  503.1 
0.5931 
0 .fi915 
0. 7091 
0.9164 
1 ,0437 
1.1sos 

0.  OUCO 
0.051s 
0 . 1 1 :::? 
O.Ic'50 
0 . 2 W  
0 . m t i  
0.474.! 
0 .  6023 
0 . i490  
0.916s 
1.1090 
1 ,3273 
1 ,5755 
1 .S5G4 
2.1729 
2 . S?CS 

. . . . . . . 

0.  ooli0 
0.01 01 
0.0336 
0.0325 
O.Oi2S 
0.094 4 

0.117G 
0.1422 
O.I(iS3 
0 . I959 
0.22#53 
0.2560 
0.2S8-i 
0.31223 
0.3570 
0.3943 

87 

. - .- 

0.0000 
rJ.0'28 
0.OISU 
0.0735 
0.105! 
0.137s 
0.1727 
0.210'' 
0.2501i 
0,293s 
0.3399 
0.3s92 
0.4415 
0. -1970 
0 . 5 5 s  
0.6170 

0.0000 
0.0-150 
0.09ti5 
0.154s 
0,2206 
0.2945 
0.3773 
0.4699 
0.57'19 
0.6575 
O.Sl4G 
0.0553 
1.1107 
1.2516 
1.3(j89 

1.6725 

0.0000 
0.0681 
0.1495 
0.2451 
0.3571 
0.4579 
0.6379 
0.81-1.1 
i .OISli 
1.2-44 
1.3273 
1.8396 
2.1976 
2.6069 
3.0726 
3.5983 

. .  

0.0000 
0. 1 I03 
0,2555, 
0 .  .1.1 6 ! 
0 .  ti9-14 
1 . O I G C  
1 . -I :32 1 
1 .96S-l 
2.6587 
3,5-1-!3 
4.67S1 
6.125s 
7.9693 

I O .  :io96 
1 3 .  2fiG2 
16.9710 

... . _- 
SS' 

- 

0.0000 
0.1146 
0.3373 
0.5915 
0.9251 
I .3616 
1.931 
2.671 
3.632 
4.875 
G .  4S2 
8.552 

11.213 
14.622 
18.9S9 
24.793 



TABLE X1I.B 
HAZE FAC'IDRS O(T, e )  

-:;: - , - 0 . 3 ;  r;-  76; 

(I.4185 0.4755 

0.1736 
0.2i112 
0.2-!27 

0.2214 
0.2659 
0.3133 

0.0000 
0.0169 
0.040s 
0,0642 

0 .GO00 
0.0210 
0.0-15! 
(I.072i 

0.00 
0.04 
0.0s 
0.12 
0.16 
0.20 

o.co00 
0.0182 
0.05s9 
0.0619 
@.OS72 
0.1147 

.. . - . . - . . 
I 

. 

E SO 

- - _  

0. oouo 
0.2207 
0.5226 
0. 9322 
I .4s59 
2.23% 
3.234 
4.577 
6.374 
S ,776 

11.9so 
16.249 
21.927 

. -IG 1 
3 9 ,  -12.1 
52 .5 1 lj 

. .. . 

S5 ' 
... ... 

0.0000 
0. 222;; 
0 . cu I ! I  
1 . :CJPs!? 
2. 2!Ilj 
4.038 
6.  SS5 

I j ,505 
19.348 
31 ,622 
50.233 

i 45" 1 @:>" i 
~ . 

0.0000 
0.031s 
0.0713 
0.11s7 
O.l(iS3 
0.2235 
0. :;s49 
0. p5::o 
0 .  -1'N 
0.51 18 
O.(iOQS 
0.7055 
O.SliO 
0 .  03!!6 
I .0737 
1.2196 

.- . 

0 .  coo0 
0.06S7 
0.1-194 
0.2434 
0.2525 
0 .  4787 
0 .  ti313 
0.7921 
0.9S2.L 
1.2010 
1 .J5-l-i 
1.74-13 
2.0736 
2.  -I531 
2.ss20 
3.3660 

0.00 
0.02 
( I .  04 
0 .  Oti 
0.0s 
0.10 
0. I2  
0.14 
0.16 
0.18 
0.20 
0.22 
0.24 
0.26 
0.2s 
0 .  s o  

0.00(!0 
0.0201 
0.0424 
0.06fi;J 
0, (:932 
0.1227 
0.15;o 
0.1502 
0.22s3 
0.9 i0 . -5  
0.315s 
@ . X 5 I  
0 . -I I s2 

0.0090 
0.02-10 
0.C514 
o.os19 
0. 1151; 
0.1526 
0. 1932 
0 .  2378 
0.2S66 
0.3400 
0 . 3 9 s  
0 . 4 t j l  7 
0.5307 
0.6061 
O.(iS71 
0.7741 

0 . 0000 
0.1062 
0.2337 
0.3879 
0.5731; 
0.7967 
1.0594 
1 . s i91  
1.7609 
2.1'15s 
2.7575 
3.4001 
4 .  164s 
5.06S9 
6.1351 
7.3819 

TABU XII-9 

. . . .  - 

0.0000 
0 .  09S6 
0 .  ''52s 
0.4120 
0.6457 
0.95s9 
1.3621 
1.8884 
2 .5.5 14 
3.399-1 
4.4575 

. -  

0.00 
0.01 
0.0s 
0.12 
0.16 
0.20 
0.24 
9.2s 
0.32 
0.36 
0.40 

0.0000 
0.0155 
0.0330 O . o a ?  
0.0733 
0.0961 
0.1206 
0 .  I4!jS 
0.1746 
0.2037 
0.23% 

0.@0@0 1 0.0000 
0.OISO 1 0.0221 
0 .  (!:is3 1 0 .  047-1 

O.OS5S I 0.107-1 
o.otio!, , 0.045!, 

0.0000 1 0.0000 
0.0317 I 0.OG36 
0.cr;ss ' 0.143s 
0.1114 0.2131 

0.2145 j 0.5125 
0.159s j 0.564s 

0.2756 ' 0.6907 
0.3436 I 0.9010 
0.41PS I .  1574 
0.5005 1 .-I557 
0.5SS5 1 1 .8009 

0. 0000 
0.0161 
0.0342 
0.0542 
0.076l 
0,0999 
0. I255 
0.152s 
0.1s19 
0.2121 
0.2-140 

0.112s 0.1-122 
o.1121 i o.3s02  

TABU XII.10 
HAZE FACTORS (~(7, 0 )  

-:? - 0 .  4; r; = 45' . -  
45' 

- - .  

0.0000 
0 .  0260 
G. G56O 
0.  OSW 
0.1278 
O.lti9S 
0.3161 
0 .2Mi i  
0.3217 
0 .3S!)9 
0.4435 

88 

I 85" . -. . . . . . 

0.0000 
0.2613 
0.7108 
1 .-I701 
2.7407 
4.547 
5.317 

1:;. 990 
23.697 
39.003 
62.410 

I 

0.0000 
0.0372 
0.0SI I 
0.1320 
0.1001 
0 .  3562 
0, ?301 
0 . -1 14 1 
0.5065 
0.6090 
0.7197 

0.0000 
0.074s 
0.16% 
0.2SSZ 
0.43-13 
0.6130 
0.s301 
1.0920 
1.4056 
1.7775 
2.2116 

0.0000 
0.1160 
0.2749 
0.4SSG 
0.7728 
1 . I  -IS0 
1 . ti396 
2.2793 
3.1056 
4.  1630 
9.4935 

0.0!)0.5 0.1019 
0 . 1 ~ ~ 1 3  i 0.1317 
0 .  ! 50.1 0 .  I 70-1 
0. IS-10 I 0 .2W0 
0.2200 0.2505 0.32 

0.36 
0.40 

0.2111 
0.2474 
0.2S53 

0.25so I 0.29-1s 
0.2977 1 0.3111 



0.0000 
0.1.192 
0.3.56-1. 
0.(;39-1 

0.0000 
0.3356 
0.9219 
1.928 

0 .  I (is3 
0.225s 
0.2901 

0,2506 
0.3-109 
0 .  4.1 14 

1.021s 
1.535 
2.218 

3.638 
6.518 

11.3-10 0.20 
0.2-1 
0.28 
0.32 
0.36 
0.40 

0.1S51!5 
0.19~10 
0.2391 
0.2SSS 
0.3120 
0.398-4 

0.00 
0.04 
0.0s 
0.12 
0.16 
0 .20  

0.0000 
0.0283 
0.OG78 
0.1147 
0.1C9S 
0.234.1 

0.1X19 

0.3SlG 

0.53-11 
0.9515 
I ,2235 
1 ,5555 

0.25-16 

0,3?>63 

0.3160 

0.S767 

1 ,812 
2.*5-37 
3 .  'IS5 
4. 685 

0.5578 

1 ,2953 

0.28 
0.32 
0.36 
0.40 

0.3971 
0.4989 
0.6160 
0.7-197 

7.SS2 
11.296 
16.006 

63.73 
113.17 
196.18 

0.0000 
0.0960 
0.219s 
0.3766 
0.5531 
0.s173 
1 . l lS9  
I . a s 9  
I .939s 
2.48.26 
3.1325 

0.00 
0.01 
0.0s 
0.12 
0.16 

0.0000 
0.0236 
0.0503 
0.  osos 
0.11.1s 

O.@OOO 
0.02-13 
0.0522 
O.OS3S 
0.1192 
0.15S5 
0.2018 
0.2492 
0.3009 
0.3566 
0.41 5s  

0.0000 
0.0350 
0.05s; 

0.0336 1 0.6-178 
0.0726 0.1021 

0.0941 
0.13-12 
0.1590 

0.1175 I 0.1723 

0.22% 
0.2832 
0 . 3-129 

0.361G 1 0.56',2 
0:!.107 o.ri955 

3.122 
4.310 
5. s5s 
7.845 

19.350 
33.330 
55.7-17 0.4076 

0. -1765 
0.5'273 0.8452 
0.6207 1 1.010-1 90.710 

e x11.12 
HAZE FACTORS U(T, 0 )  

~ : s  0 . 4 ;  < = 76" 
. .. . 

45' 1 610 1 75' 
. .- 

1 
.. . 

0.0000 
0 . ox:-:9 
0.07.19 
0.1 236 
0.1810 
0.2483 
0.3269 
0.41s5 
0.52-17 
0 .  6475 
0 .  7877 

0.0000 
0.0ll ib 
0 .I033 
0 . 1 7 5  
0.2556 
0 ,  35.40 
0.4714 
0 .  GO95 
0.7721 
0.9629 
1.1S3S 

0.onoo 1 0.00uo 
o.nt iw I 0.13-1-1 

0 .oooo 
0 .  0350 
O.OSl0 
0.1390 
0.2011 
0.2s0s 
0.370s 
0.4761 
0.5!189 
0.7.115 
0.9052 

0. onno 1 0 . 0 0 0 ~  
0.2UII(i I 0 .  '1707 
0 .  5 133 I 1 ,332 

3.690 1 19.318 
5.433 I 3-4.819 

0 .24  I 0.3097 

T* = 0.5; < = 30" 
.- 

63" 1 55' 1 SO' 1 85' 
.- .- 

0.00 
0.04 
0.0s 
0.12 
0.16 
0.20 
0.24 
0.2s 
0.32 
0 .36  
0.40 
0.44 
0.48 
0.50 

0.0000 
0.0159 
0.0339 
0.0538 
0.0757 
0.099-1 
0.1251 
0.1627 
0.1823 
0.2137 
0.2469 
0.2817 
0.3179 
0.3361 

0.0000 
0.03"FJ 
0.0707 
0.114s 
0.1650 
0.2219 
0.2860 
0.3576 
0.4374 
0.5258 
0.6230 
0.7FlO 
0.8-135 
0.9032 

0.0000 
0.1011 
0.9393 
0.4245 
0.6700 
0.9931 
1.416 
1.966 
2.677 
3.591 
-1.760 
6.344 
8.104 
9.187 

0.0000 
0,2282 
0.6192 
1.278 
2.374 
4.189 
7.171 

12.016 
19.970 
32. 7s2 
53.355 
85.98s 
37.71 
73.41 

0.0030 
0.0165 
0 . 0 3 ~ ?  
0.0s;cI 
0.07S6 
0.1033 
0.1301 
0.1590 
0.1R99 
0.2'28 
0.2377 
0.29-13 
0.3323 
0.3515 

0.0000 
0.0184 
0.0391 
0.0628 
0.0855 
0.1167 
0.1374 
0.  IS06 
0.21 6-4 
0.2546 
0,2953 
0.3382 
0.31;SO 
0.4057 

0.0000 
0.0227 
0.0-18s 
0.0781 
0.1109 
0.1371 
0.1869 
0.230+ 
0.2717 
0.3389 
0.3s35 
0.  -1-125 
0,5043 
0.5359 
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0.0000 
O.Oti53 
0.1479 
0.2505 
0.3766 
0.5305 
0.7172 
0.9422 
1.2120 
1.5338 
1.9150 
2.3634 
2.8551 
3.1724 



TABLE X I I . l . 4  

= 0.5; < = 45" 
HAZE FACTORS o(T, e >  

I .02!J2 

0.00 

0.0-1 

0.08 

0.12 

0.16 

0.20 
0.2-1 

0.2s 
0.32 

0.36 

0.40 
0.44 

0.48 
0.50 

_ _  - . 

\ - . _. . . 

0.00 

0.04 

0.0s 
0.12 

0.16 

0.20 

0.24 

0.28 

0.32 

0.36 

0.40 
0 . 4 1  

0.4s 

0.50 

3,5388 

0.0000 

0.01sc. 

0.039G 

O.OG3E 

O.OS9I 
0.1175 

0.14s4: 

0.1819 

0 .21 7!:i 

0.2565 

0.2977 

0.3-11 I 

0.3su;; 
0, . low 

- .  

15' I 3J" 
-. 

0.0000 

0.0192 

0.0411 

0.0655 

0.  (3925 

0.1221 

0.1543 

0.1S93 

0.2270 

0.2675 

0.3107 

0.3563 

0.4042 
O.-I2SG 

0.0000 
0.0215 

0.0461 

0.0737 

0.1043 

0.13SO 

0.1749 

0.2152 

0.25ss 

0.3038 

0.3562 

0.4097 

0 . -I 6G I 
0.49.19 

0.0000 

0.0265 

0.0571 

0.0917 

0. I305 

0.173s 

0.221s 

0.2745 

0.3322 

0.3951 

0.4632 

0.5364 

0.61 I' 
0,6543 

0.0000 

0.0379 

O.OS26 

0.1346 

0.1943 

0.  ?G?3 

0.3394 

0.4263 

0.5237 

0.6323 

0.7527 

O.SS51 

0.0000 

0.07GO 

0.1728 

0.2939 

0.4-137 

0.627s 

0.8524. 

1.1252 

1 ..I546 

I .  8501 

2.31'25 

3 .  SS'3 

0.0000 

0.1118 

0.2598 

0 .  -1962 

0.7898 

1.1763 

1 .GS51 

2.3513 

3.2i93 

4 . 3-137 

5.7921 

7 .6-140 

9.YSG5 
11.3605 

0.  Ooo!:) 
0.023r' 

0.0500 

0. os02 

0.1149 

0.1517 

0.1923 

0,2350 

0.2s90 

0.343.5 

0.405 
0,4660 

0.5337 

0.5GSG 

0.0000 

0.0241 

0.0518 

0.  os32 

0.1 IS5 

0.1577 

0.^011 

0." 

0.3012 

0.3582 

0.420' 

0.48G9 

0.55qO 

0.59-19 

0.  no00 

0.0271 

0.05S3 

0.0937 

0.1337 

0.17s-1 

0.2281 

O.?!S30 

0.3435 

0.  -109'3 

0. -1S'l 

0.5603 

0.64.12 

0.6577 

0.0000 

0.0331 

0.0719 

0.116-1 

0.1672 

0 . 2 m  

O.LS9O 
0.3610 

0..1-111 

0.529s 

0.6275 

0.73.14 

0. S502 

0.9107 

90 

O.O.i74 

0.10-42 

0.1711 

0.2490 

0,3392 

0.4-2s 

0.5G15 

0. 696G 

0 .  s49s 
1.01"?6 

1.2159 

1 .  4303 

0.0952 

0.21s:! 

0,3740 

0.5696 

0.s131 

1.1155 

1 . I S S O  

I ,9450 

2.50% 

3.1so5 

3.99s1 

4.9752 

1 .5-1 1.4 ; 5.5248 

0.0000 

0.1473 

0.3527 

0,6338 

1.0147 

I ,5369 

2.2111 

3.1213 

4.3'57 

5.9117 

7.9901 

10.690 

14. lSl  

16 .?5ti 

0.0000 

0.2657 

0.7242 

1 .501 

2. so-1 
4.974 

8.56.4 

1.1 .474 

24.14s 

30.571 

63.36G 

106.11-1 

171.221 
21G:l;iO 

. . . 

E6' 

. .  ..- 
0. OOOG 

0.3327 

0.91-17 

1.9150 

3.6176 

6,4!13S 

!1.325 

19. -100 

32.829 

55.057 

91.656 

151.193 

24s. 129 

316.465 



TAJ3LF: XII.16 
HAZE FACTORS O(T, 0 )  

1 .02?S 

1.1701 
1 .3UO 

-.. .- . 

0.00 

0.04 

0.0s 

0.12 

0.16 

0.20 

0 . 2.; 

0.25 

0.32 

0.3G 

0.40 

0 .  .1-1 

0.4s 

0.50 

- 

- \ ~ .. -. 

0.00 

0.04 

0.0s 

0.12 

0. IG 
0.20 
0.24 

0 .28  

0.32 

0.36 

0.40 

0.44 

0.48 

0.52 

0.56 
0.60 

3.71-17 

4.593s 
5.3875 

is' 1 15' 

. .  . 

0. 0000 

0.0297 

0. O t G  I 

0.1 07-! 

0.1,555 

0.2155 

0 .  2';:Is 

0 . . ) d  "- 1.- ) r )  

0 . .Ll3 1 

0.5475 

0 .  GGJG 

0.E01-l 

0.33ti7 

1 . U J l G  

0.0000 

0.0163 

0.0317 

0.0551 

0.0776 

0.1021 

0.1257 

0.1575 

0.1893 

0.2214 

0.2565 

0.2939 

0.3333 

0.374G 

0.4175 
0.4634 

- .  . -  

0.Ool)n 

0.030s 

0.0GI'S 

0.11 1;: 

0 . l W  

0.3!1S 

0.  ?!lo9 

0.3710 

0 . .I C;:.:7 

0.571 I 

0 .  ti!!'-)!) 

0.8377 

1.091 1 

1 .O!t01 

. . .  

15' 

.. . . 

0.CO)O 
0.01fi9 

0.0::60 

0.0572 

0 .  os05 

0.1061 

0.1339 

0.  I639 

0.1962 

0.330s 
0.2678 

0.3070 

0.5-16-1 

0.3319 

0,4372 
0.  'IS35 

TABLE x11.17 
HAZE FACTORS U(T, 0 )  

T *  _ _  -- 0 b, ; 3'1 
. .- 

0. 0000 
0.OISS 

0 0103 

0.051' 

0.0907 

0.1 1 90 

0.1517 

0 . 1  592 

0.2?3li 

0.263s 

0.3069 

0.3329 

0.  -101 7 

0.4532 

0.5071 
0.5626 

.. ~. 

0.0000 

O.OL'33 

0. (I 190 

O.OS0) 
0 . I l ; i i  

0.1511 

0 .  1923 

O.l??,7d 

0 .  "Si0 

0.310d 

0.3391 

0.4619 

0.5393 

0.6011 

0.6770 
0.7560 

0.0000 
0 . 0 : w  

0.0309 

0.0967 
0.0000 
0 1031 

0.3-1 1s 

0 .  43.15 

0.6571 

1 .0203 

1 .4SS1 

L'.O'%L 

2.7720 

3.7332 

4.971s 

6.5503 

S .-5375 

11.1394 

14.. 3907 
18.3896 

:5' 
-. - 

0.0000 

0.233 1 

0 .  (335 

1 . 3 ~ 9 1  

2 . 4 3 2  

4.3113 

7.4013 

I ? .  -1721 

90.7590 

31.3329 

56.0534 

91 .03GG 

147.433 

237.332 

379.360 
600.075 
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TABLE XII.18 
HAZE FACTORS O(T, 9) 

0.03s3 
0 . o T h  
0.136'; 
0. I 970 
0.2ti63 
0.3.1J2 
0 .-13-i3 
0.52 I f j  
0 .6  L72 
0.7729 
0 . 9  125 
1.0670 
1.2367 
1 .42l!J 
1.6207 

0.00 
0.04 
0.06 

0.07C;i: 
0.1719 
0.2971; 
0. .ISrJC) 
0.(;:!71i 
0 . S5i2 
I . 1.171 
1 . -Ic;GS 
1 .8%S 
?,3'3<!6 
2 .!IS00 
3.GS37 
1:5171 
5:!'365 
6 .  6194 

0.0030 0.0030 
0.01ss , 0.01!1.1 
O . O - L O I  i 0.0116 

0.12 10.0639 ' 0.0663 
0. J6 0.0303 

0:10 ! 0.605:; 
0 .  .1-1 
0.43 
0.5" 
0 . 3 j  
0.GO 

0.0937 
0.1339 

.. 

0.0003 
0 . 0 2 1.7 
O.O-Ic ;6 
0.07-15 
0 .  1 o x  
0,1400 

0.15G9 I 0.177s 
0.192s j 0.2191 
0.2317 j 0.2610 
0.2736 1 0.3123 

.. .. . 

0.00 
0.04 
0.05 
0.12 
0.16 
0.20 
0.24 
0.2s  
0.32 
0.36 
0.40 
0.44 
0.4s 
0.52 
0.56 
0.60 

0.0000 
0.01'30 
0.049.1 
0.0793 
0.1IL 'S  
0.1501 
0.1915 
0.2370 

0.3415 
0.4010 
0.4655 
0.5352 
U.6102 
0 .6901 
0.77-13 

0.2863 

0.0000 
0.023s 
0.0512 
O.OS23 
0.117'' 
0,1560 
0.1991 
0.2467 
0.2989 
0.3561 
0.4lS5 
0.4S63 
0.5597 
0.6SS7 
0.7230 
0.81 19 

. .  . 

0.000!) 
0.O"VS 
0.057:: 
0.0929 
0.1 :25 
O.Ii(i6 
0 .  ?"SG 
0 2797 
0.;:303 
0 .  -1O.I l  
0. -1735 
0.55:?7 
0.(1361 
0.7256 
0 .  820s 
0.92G9 

GO' 1 75' 

TABU XII.19 
HAZE FACTORS O(T, 0 )  

0.0000 
0.0266 
0.0553 
0.0925 
0.l3Y 
0 .  I764 
0.2257 
0.  ?SO-i 
0.3JOS 
0.4072 
0.4soo 
0.5596 
0.6460 
0.7395 
0 .  s399 
0.9461' 

. .~ 

4 5 '  

... . 

0.0000 
0.03?7 
0.0711 
0.1152 
0.1654 
0. "222 
0.2562 
0.3579 
0.1379 
0.521i8 
0.6232 
0.7339 
0.8532 
0.9S3G 
1.1251 
1.2764 

60' 

.. 

0. OC00 
0.046s 
0 .  IUS0 
0.1693 
0.2463 
0.3;;57 
0.43S7 
0.55ti8 
0.6917 
0.5.152 
1.0193 
1.2159 
1 . 4367 
I . (is39 
1 .95% 
2.2591 

.- -. 

--, I S  

- . .. 

0.0000 
0.09.10 
0.2155 
0.2697 
0.5633 
0.8051 
I .  IO51 
1.4759 
1.93'1 
1. 491 3 
3.1742 
4.0052 
5.0121 
G .  21'59 
7.67SO 
9.3907 

8.' I SS' 

0. OGOO 
0.1160 
0 .  "X"!) 
0 .5!! !.> 
0.3010 
1 .I950 
1.7151 
2.  39s3 
3. vl:.!s 
4.-!.,$9 
5.lr711 
7.9243 

10:1;1.1 1 
13. G I 1  ti 
17.iOSl 
22. 7s13 

. . .  

SO' 

.- . -  

0.0000 
O . l - : G O  
0.3192 
0.6274 
1 .OO'I-l 
1.5120 
2.191s 
3.0975 
4.  '997 
5. ss94 
7.9539 

10.7331 
14.3263 
IS. 59s5 
!5, o:!S:! 
e .  69S-I 

._ - 

0.0000 
0.2686 
0.7326 
1.5205 
-.  Y s ! j g  
5 . Fj79 
8.72% 

1.1 . ? ! I  I 
2.1.765 
41 ,092 
b7.717 

1 I 0. r o S  
1 S!i . .7? I., 
?!I:<. 6% 
47 I . :!cc 
75 1 . Oi7 

. 

Y.5' 

. . 

0 .  (~003 
0.328s 
0.911 1.1 
1 .S'J.LI 
3.5SOO 
6.4314 

11.231 
19.263 
32.676 
54.956 
91 .S1S 

152.37 
252.33 
4 I 5.. 6s 
6SO.  GO 

1103.90 
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0.00 
0.04 
0.0s 
0.12 
0.1G 
0.20 
0.24. 
0.25 
0.32 
0.36 
0.40 
0.4-1 
0.4s 
0.52 
0.56 
O.GO 

.. 

0.0:100 
0.0273 
0.0597 
0.0975 
0.  1-111 
0.1921 
0.2507 
C.3180 
0 .  XI54 
0.4s-1-1 
0.5S63 
0,7039 
0. S3SS 
0.9934 
1.1702 
1.3701 

TABLE XII.20 
HAZE FACTORS O(T, 0 )  

. . .. 

0.  0000 
0.02s' 
0.061s 
0.1011 
0 .  I-IGS 
0.10!)7 
0.2603 
0.3311 
0.  'I I '1 
0.5U53 
0.6123 
0.735s 
0.8777 
I .0.106 
1 ,2272 
1.4387 

0.0005, 
0.O;;IG 
0.0693 
0.1136 
0.  I(1S.j 
0.9'57 
0.2056 
0.3764 
0.4'701 
0.5785 
0 .  7036 
0 .  S.JS2 
1.0154 

.I .'OS3 
1 :1303 
1.6S31 

0.0000 
0.0359 
0. os59 
0.1417 
0,2076 
0.  28.19 
0.3756 
0 .'1S 1 6 
0.6055 
0,750-1 
0.919G 
1.1171 
1 . 3 4 i 9  
1.6169 
1 ,9297 
2 .  :<s97 

0.0000 
0.035G 
0.13-14 
0.2081 
0.30'1' 
0,4308 
0 . 5 m  
0.7S.l-1 
0.9605 
1 . ' , ]OS 
1.5101 
I . SG7G 
2.2949 
2 .  so50 
3 . 4  121 
4.137-I 

0.0000 
0.1117 
0.260-1 
0.455G 
0.7093 
1.03% 
1.4637 
2.0121 
2.7194 
3.6309 
4. SO32 
6.3176 
8 .  2655 

10.7'705 
13.9s25 
19.0693 

0. 0000 
0.1740 
0.3731 
0.5252 
1.2192 
1.910 
2.92.1 
-I .3&1 
G .  129 
S .722 

12.324 
17.330 
34.2s4 
33.932 
47.276 
65.517 

- -_ 
5.50 

- -- 

0. 0000 
0.390s 
1.09G 
2.350 
4 .  SGO 
8. -149 

15.353 
27.156 
47.9S1 
S4. 362 

147.s9 
258.25 
451 .95 
7S9.71 

1376,s 
2386.7 

I -  
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I. TABLES FOR TRANSFER FROM OPTICAL TO GEOMETRIC ALTITUDES & 

The a l t i t u d e  above t h e  earth 's  surface has been expressed i n  o p t i c a l  units 
For t r ans i t i on  i n  t h e  preceding text and Tables covering these  investigations.  

from geometrical t o  op t i ca l  a l t i t u d e s  we have used the  formula 

where a(z)  i s  t h e  value of t h e  volume sca t te r ing  coef f ic ien t  a t  a height z. 
results of t h e  calculations,  as given i n  our Tables, are independent of t h e  
pa r t i cu la r  form of t h e  funct ion a (z )  and are applicable f o r  an a rb i t r a ry  l a w  of 
d i s t r ibu t ion  of t h e  sca t te r ing  coeff ic ient  with a l t i t ude .  If, however, it be- 
comes necessary t o  ass from op t i ca l  heights t o  geometric heights then the  form 
of the  function a (z  P must be known. We present below Tables f o r  t h i s  t ransi-  
t i on ,  prepared under t h e  assumption t h a t  t h e  sca t te r ing  coef f ic ien t  var ies  with 
a l t i t u d e  by t h e  l a w  of exponents: 

The 

n (2)  = a, e- 

where a, i s  t h e  value of t h e  sca t te r ing  coef f ic ien t  a t  t h e  earth's surface,  and 
k i s  a constant. Subst i tut ing eq.(2) i n t o  eq.( l )  y i e lds  

A t  z -. OD, t h i s  will give t h e  value of t h e  t o t a l  op t i ca l  thickness of t h e  atmo- 
sphere: 

This i s  t h e  formula t o  be used f o r  passing from t h e  op t i ca l  heights T t o  
t h e  geometric heights z, i f  t he  constants 7-Z and k are prescribed. 
i t  i s  more convenient t o  replace t h e  constant k by t h e  constant 
I n  t h a t  case, we have 

I n  pract ice ,  
from eq.(4). 

The quantity a, may a lso  be expressed i n  terms of t h e  horizontal  v i s i b i l i -  
t y  S, by the  following formula, known from t h e  theory of horizontal  v i s i b i l i t y :  



1 I s - -  . . 1"". . . 
h a. b E ' 

where e i s  t h e  "threshold of contrast  s ens i t i v i tyn  ( 8  = 0.02). Hence, 

Thus, we obtain t h e  formula: 

and 

1 
Since, i f  8 = 0.2, log  - = 3.912, eq.(lO) f o r  t he  calculat ion of k may be 

E writ ten i n  the  form of 

(12) 
3 .  rt 1 2 f i  - 2  - 
7 ' s;, . 

This reasoning shows t h a t  t h e  r e l a t ion  between z and T i s  completely deter-  
mined by t h e  assignment of two constants T* and S, taken from experiment. 

The Tables presented below were prepared f o r  f i v e  values of T*: 

T' = 0.3; 1 0 .3 ;  0.4; 0.5; 1 0.G I 1 I 

and f o r  a number of values of S , ,  which l a t t e r  i s  always given i n  kilometers 
w h i l e  z is  always given i n  meters. It was unnecessary t o  take many values of S, 
f o r  each T*, since a cor re la t ion  ex i s t s  between t h e  values of T++ and S , :  Large 
values of S, correspond t o  small values of TO, and small values of S, t o  la rge  
values of T*, although there i s  no s t r i c t  funct ional  r e l a t ion  between these 
quant i t ies .  

We note i n  conclusion t h a t  t h e  op t i ca l  thickness of t h e  atmosphere i s  
re la ted  by t h e  following simple formula t o  t h e  transparency f ac to r  p ,  which i s  
more conventional i n  p r a c t i c a l  use: 

=; 

To the  above values of T* correspond the  following values of t h e  trans- 
parency factor:  

0.2 0 . . 3 1  0.4 0.5 0.5 
'C. 
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11. GRAPH F'OR C W A R I N G  THE EUCT SOLUTION WITH 
CHANDRASMHARtS RESULTS 
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